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Overview

• Entropic Regularization and Sinkhorn 

• Convergence Analysis 

• Sinkhorn Divergences 

• Generative Model Fitting



Entropic Regularization

Schrödinger’s problem: [1931]

Erwin 
Schrödinger

min
P1=a,P>1=b

P
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j)
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Entropic Regularization: General Case

Relative-entropy:
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Probabilistic Interpretation

Christian 
Léonard

Erwin 
Schrödinger

min
(X,Y )

{E(c(X,Y )) + "I(X,Y ) ; X ⇠ ↵, Y ⇠ �}
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7.6. Dynamic Formulation over the Paths Space 111

Á = 0 Á = .05 Á = 0.2 Á = 1

Figure 7.5: Samples from Brownian bridge paths associated to the Schrödinger entropic interpola-
tion (7.20) over path space. Blue corresponds to t = 0 and red to t = 1.

We refer to the review paper by Léonard [2014] for an overview of this problem and an
historical account of the work of Schrödinger [1931]. One can show that the (unique)
solution fīı

Á to (7.19) converges to a solution of (7.17) as Á æ 0. Furthermore, this
solution is linked to the solution of the static entropic OT problem (4.9) using Brownian
bridge “̄Á

x,y œ X̄ (which are similar to fuzzy geodesic, and converge to ”“x,y
as Á æ 0).

In the discrete setting, this means that

fiı

Á =
ÿ

i,j

P
ı

Á,i,j”(xi,yj) and fīı

Á =
ÿ

i,j

P
ı

Á,i,j “̄
Á

xi,yj
(7.20)

where P
ı

Á,i,j can be computed using Sinkhorn’s algorithm. Similarly to (7.18), one then
can define an entropic interpolation as

–Á,t

def.= Pt˘fī
ı

Á .

Since the law Pt˘“̄Á
x,y of the position at time t along a Brownian bridge is a Gaussian

Gt(1≠t)Á2(· ≠ “x,y(t)) of variance t(1 ≠ t)Á2 centered at “x,y(t), one can deduce that –Á,t

is a Gaussian blurring of a set of traveling diracs

–Á,t =
ÿ

i,j

P
ı

Á,i,jGt(1≠t)Á2(· ≠ “xi,yj
(t)).

Another way to describe this entropic interpolation (–t)t is using a regularization
of the Benamou-Brenier dynamic formulation (7.2), namely

min
(–t,vt)t sat. (7.1)

⁄ 1

0

⁄

Rd

3
Îvt(x)Î2 + Á

4 ÎÒ log(–t)(x)Î2
4

d–t(x)dt, (7.21)

see [Gentil et al., 2015, Chen et al., 2016a].
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Sinkhorn’s Algorithm
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68 Entropic Regularization of Optimal Transport
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Figure 4.6: Comparison of entropic regularization R = ≠H (top row) and quadratic regularization
R = Î·Î2 + ÿR+ (bottom row). The (–, —) marginals are the same as for Figure 4.4.

see [Essid and Solomon, 2017]. Another example is the family of Tsallis entropies [Muzel-
lec et al., 2017]. Note however that if the penalty function is defined even when entries of
P are non-positive, which is for instance the case for a quadratic regularization (4.18),
then one must add back a non-negativity constraint P Ø 0, in addition to the marginal
constraints P1m = a and P

€1n = b (one can a�ord to ignore the nonnegativity con-
straint using entropy because that penalty incorporates a logarithmic term which forces
the entries of P to stay in the positive orthant). This implies that the set of constraints
is no longer a�ne and iterative Bregman projections do not converge anymore to the
solution. A workaround is to use instead Dykstra’s algorithm (1983, 1985) (see also
[Bauschke and Lewis, 2000]), as detailed in [Benamou et al., 2015]. This algorithm
uses projections according to the Bregman divergence associated to R. We refer to
Remark 8.1 for more details regarding Bregman divergences. An issue is that in gen-
eral these projections cannot be computed explicitly. For the squared norm (4.18), this
corresponds to computing the Euclidean projection on (C1

a, C
2
b
) (with the extra posi-

tivity constraints), which can be solved e�ciently using projection algorithms on sim-
plices [Condat, 2015]. The main advantage of the quadratic regularization over entropy
is that it produces sparse approximation of the optimal coupling, yet this comes at the
expense of a slower algorithm that cannot be parallelized as e�ciently as Sinkhorn to
compute several optimal transports simultaneously (as discussed in §4.15). Figure 4.6
contrasts the approximation achieved by entropic and quadratic regularizers.
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Figure 4.6: Comparison of entropic regularization R = ≠H (top row) and quadratic regularization
R = Î·Î2 + ÿR+ (bottom row). The (–, —) marginals are the same as for Figure 4.4.

see [Essid and Solomon, 2017]. Another example is the family of Tsallis entropies [Muzel-
lec et al., 2017]. Note however that if the penalty function is defined even when entries of
P are non-positive, which is for instance the case for a quadratic regularization (4.18),
then one must add back a non-negativity constraint P Ø 0, in addition to the marginal
constraints P1m = a and P

€1n = b (one can a�ord to ignore the nonnegativity con-
straint using entropy because that penalty incorporates a logarithmic term which forces
the entries of P to stay in the positive orthant). This implies that the set of constraints
is no longer a�ne and iterative Bregman projections do not converge anymore to the
solution. A workaround is to use instead Dykstra’s algorithm (1983, 1985) (see also
[Bauschke and Lewis, 2000]), as detailed in [Benamou et al., 2015]. This algorithm
uses projections according to the Bregman divergence associated to R. We refer to
Remark 8.1 for more details regarding Bregman divergences. An issue is that in gen-
eral these projections cannot be computed explicitly. For the squared norm (4.18), this
corresponds to computing the Euclidean projection on (C1

a, C
2
b
) (with the extra posi-

tivity constraints), which can be solved e�ciently using projection algorithms on sim-
plices [Condat, 2015]. The main advantage of the quadratic regularization over entropy
is that it produces sparse approximation of the optimal coupling, yet this comes at the
expense of a slower algorithm that cannot be parallelized as e�ciently as Sinkhorn to
compute several optimal transports simultaneously (as discussed in §4.15). Figure 4.6
contrasts the approximation achieved by entropic and quadratic regularizers.
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updates [Altschuler et al., 2017, Alg. 2]:
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Õ
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u),
P̂

def.= diag(uÕ)K diag(vÕ) + �a(�b)T/ Î�aÎ1 .

This yields a matrix P̂ œ U(a, b) such that the 1 norm between P̂ and
diag(u)K diag(v) is controlled by the marginal violations of diag(u)K diag(v),
namely

...P̂ ≠ diag(u)K diag(v)
...

1
Æ Îa ≠ u § (Kv)Î1 +

...b ≠ v § (KT
u)

...
1

.

Remark 4.6 (Numerical Stability of Sinkhorn Iterations). As we discuss in Remarks 4.13
and 4.14, the convergence of Sinkhorn’s algorithm deteriorates as Á æ 0. In numerical
practice, however, that slowdown is rarely observed in practice for a simpler reason:
Sinkhorn’s algorithm will often fail to terminate as soon as some of the elements of
the kernel K become too negligible to be stored in memory as positive numbers, and
become instead null. This can then result in a matrix product Kv or K

T
u with ever

smaller entries that become null and result in a division by 0 in the Sinkhorn update
of Equation (4.15). Such issues can be partly resolved by carrying out computations
on the multipliers u and v in the log domain. That approach is carefully presented in
Remark 4.22, and related to a direct resolution of the dual of problem (4.2).

Remark 4.7 (Relation with iterative projections). Denoting

C
1
a

def.= {P : P1m = a} and C
2
b

def.=
Ó

P : P
T1m = b

Ô

the rows and columns constraints, one has U(a, b) = C
1
a fl C

2
b
. One can use Bregman

iterative projections [Bregman, 1967]

P
(¸+1) def.= ProjKL

C1a
(P(¸)) and P

(¸+2) def.= ProjKL

C
2
b

(P(¸+1)). (4.16)

Since the sets C
1
a and C

2
b

are a�ne, these iterations are known to converge to the solution
of (4.7), see [Bregman, 1967]. These iterates are equivalent to Sinkhorn iterations (4.15)
since defining

P
(2¸) def.= diag(u(¸))K diag(v(¸)),

one has

P
(2¸+1) def.= diag(u(¸+1))K diag(v(¸))

and P
(2¸+2) def.= diag(u(¸+1))K diag(v(¸+1))
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Remark 4.6 (Numerical Stability of Sinkhorn Iterations). As we discuss in Remarks 4.13
and 4.14, the convergence of Sinkhorn’s algorithm deteriorates as Á æ 0. In numerical
practice, however, that slowdown is rarely observed in practice for a simpler reason:
Sinkhorn’s algorithm will often fail to terminate as soon as some of the elements of
the kernel K become too negligible to be stored in memory as positive numbers, and
become instead null. This can then result in a matrix product Kv or K

T
u with ever

smaller entries that become null and result in a division by 0 in the Sinkhorn update
of Equation (4.15). Such issues can be partly resolved by carrying out computations
on the multipliers u and v in the log domain. That approach is carefully presented in
Remark 4.22, and related to a direct resolution of the dual of problem (4.2).
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are a�ne, these iterations are known to converge to the solution
of (4.7), see [Bregman, 1967]. These iterates are equivalent to Sinkhorn iterations (4.15)
since defining
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(2¸) def.= diag(u(¸))K diag(v(¸)),

one has
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(2¸+1) def.= diag(u(¸+1))K diag(v(¸))
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updates [Altschuler et al., 2017, Alg. 2]:

u
Õ def.= u § min

3
a

u § (Kv) , 1n

4
, v

Õ def.= v § min
A

b

v § (KT
uÕ)

, 1n

B

,

�a

def.= a ≠ u
Õ
§ (Kv

Õ), �b

def.= b ≠ v
Õ
§ (KT

u),
P̂

def.= diag(uÕ)K diag(vÕ) + �a(�b)T/ Î�aÎ1 .

This yields a matrix P̂ œ U(a, b) such that the 1 norm between P̂ and
diag(u)K diag(v) is controlled by the marginal violations of diag(u)K diag(v),
namely

...P̂ ≠ diag(u)K diag(v)
...

1
Æ Îa ≠ u § (Kv)Î1 +

...b ≠ v § (KT
u)

...
1

.

Remark 4.6 (Numerical Stability of Sinkhorn Iterations). As we discuss in Remarks 4.13
and 4.14, the convergence of Sinkhorn’s algorithm deteriorates as Á æ 0. In numerical
practice, however, that slowdown is rarely observed in practice for a simpler reason:
Sinkhorn’s algorithm will often fail to terminate as soon as some of the elements of
the kernel K become too negligible to be stored in memory as positive numbers, and
become instead null. This can then result in a matrix product Kv or K

T
u with ever

smaller entries that become null and result in a division by 0 in the Sinkhorn update
of Equation (4.15). Such issues can be partly resolved by carrying out computations
on the multipliers u and v in the log domain. That approach is carefully presented in
Remark 4.22, and related to a direct resolution of the dual of problem (4.2).

Remark 4.7 (Relation with iterative projections). Denoting

C
1
a

def.= {P : P1m = a} and C
2
b

def.=
Ó

P : P
T1m = b

Ô

the rows and columns constraints, one has U(a, b) = C
1
a fl C

2
b
. One can use Bregman

iterative projections [Bregman, 1967]

P
(¸+1) def.= ProjKL

C1a
(P(¸)) and P

(¸+2) def.= ProjKL

C
2
b

(P(¸+1)). (4.16)

Since the sets C
1
a and C

2
b

are a�ne, these iterations are known to converge to the solution
of (4.7), see [Bregman, 1967]. These iterates are equivalent to Sinkhorn iterations (4.15)
since defining

P
(2¸) def.= diag(u(¸))K diag(v(¸)),

one has

P
(2¸+1) def.= diag(u(¸+1))K diag(v(¸))

and P
(2¸+2) def.= diag(u(¸+1))K diag(v(¸+1))

Iterative projections:
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where Ki,j = e�
Ci,j

" aibj
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Shrödinger problem:
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KL(P|K)
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Dual Analysis: Alternate Maximization
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Primal-dual relations:
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Dual problem:



Dual Analysis: Alternate Maximization

Soft c-transforms:
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Dual Analysis: Alternate Maximization

Soft c-transforms:
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Sinkhorn’s algorithm:
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[Robert Fortet 1938]
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Hilbert’s projective metric:

Hilbert Projective Metric

dH(u,u0)
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Hilbert’s projective metric:

14 Entropic Regularization of Optimal Transport

Remark 1.10 (Hilbert metric). As initially explained by [Franklin
and Lorenz, 1989], the global convergence analysis of Sinkhorn is
greatly simplified using Hilbert projective metric on Rn

+,ú (positive
vectors), defined as

’ (u, u
Õ) œ (Rn

+,ú)2
, dH(u, u

Õ) def.= log max
i,iÕ

uiu
Õ

iÕ

uiÕuÕ

i

.

This can be shows to be a distance on the projective cone Rn
+,ú/ ≥,

where u ≥ u
Õ means that ÷s > 0, u = su

Õ (the vector are equal
up to rescaling, hence the naming “projective”). This means that
dH satisfies the triangular inequality and dH(u, u

Õ) = 0 if and
only if u ≥ u

Õ. This is a projective version of Hilbert’s original
distance on bounded open convex sets Hilbert [1895]. The projec-
tive cone Rn

+,ú/ ≥ is a complete metric space for this distance.
It was introduced independently by [Birkho�, 1957] and [Samel-
son et al., 1957]. They proved the following fundamental theorem,
which shows that a positive matrix is a strict contraction on the
cone of positive vectors.

Theorem 1.1. Let K œ Rn◊m
+,ú , then for (v, v

Õ) œ (Rm
+,ú)2

dH(Kv, Kv
Õ) Æ ⁄(K)dH(v, v

Õ) where

Y
_]

_[

⁄(K) def.=
Ô

÷(K)≠1
Ô

÷(K)+1
< 1

÷(K) def.= max
i,j,k,¸

Ki,kKj,¸

Kj,kKi,¸
.

Remark 1.11 (Perron-Frobenius). A typical application of Theo-
rem 1.1 is to provide a quantitative proof of Perron-Frobenius
theorem, which, as explained in Remark 1.13, is linked to a lo-
cal linearization of Sinkhorn’s iterates. A matrix K œ Rn◊n

+ with
K

€1n = 1n maps �n into �n. If furthermore K > 0, then ac-
cording to Theorem 1.1, it is strictly contractant for the met-
ric dH, hence there exists a unique invariant probability distri-
bution p

ı
œ �n with Kp

ı = p
ı. Furthermore, for any p0 œ �n,

dH(K¸
p0, p

ı) Æ ⁄(K)dH(p0, p
ı), i.e. one has linear convergence of

the iterate of the matrix toward p
ı. This is illustrated on Figure 1.6.

Birkho↵ ’s contraction theorem:

R2
+

KR2
+ K

2 R
2
+K K

Hilbert Projective Metric

dH(u,u0)
def.
= || log(u)� log(u0)||V
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€13 = 13.

Theorem 4.2. One has (u(¸), v
(¸)) æ (uı, v

ı) and

dH(u(¸), u
ı) = O(⁄(K)2¸), dH(v(¸), v

ı) = O(⁄(K)2¸). (4.22)

One also has

dH(u(¸), u
ı) Æ

dH(P(¸)1m, a)
1 ≠ ⁄(K)2

dH(v(¸), v
ı) Æ

dH(P(¸),€1n, b)
1 ≠ ⁄(K)2

(4.23)

where we denoted P
(¸) def.= diag(u(¸))K diag(v(¸)). Lastly, one has

Î log(P(¸)) ≠ log(Pı)ÎŒ Æ dH(u(¸), u
ı) + dH(v(¸), v

ı) (4.24)

where P
ı is the unique solution of (4.2).

Proof. One notices that for any (v, v
Õ) œ (Rm

+,ú)2, one has

dH(v, v
Õ) = dH(v/v

Õ, 1m) = dH(1m/v, 1m/v
Õ).

This shows that

dH(u(¸+1), u
ı) = dH

3
a

Kv(¸) ,
a

Kvı

4

= dH(Kv
(¸), Kv

ı) Æ ⁄(K)dH(v(¸), v
ı).

where we used Theorem 4.1. This shows (4.22). One also has, using the triangular
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Sinkhorn under Hilbert’s Metric
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64 Entropic Regularization of Optimal Transport

These two equations can be further simplified, since diag(v)1m is simply v, and the
multiplication of diag(u) times Kv is

u § (Kv) = a and v § (KT
u) = b (4.14)

where § corresponds to entry-wise multiplication of vectors. That problem is known in
the numerical analysis community as the matrix scaling problem (see [Nemirovski and
Rothblum, 1999] and references therein). An intuitive way to handle these equations
is to solve them iteratively, by modifying first u so that it satisfies the left-hand side
of Equation (4.14) and then v to satisfy its right-hand side. These two updates define
Sinkhorn’s algorithm:

u
(¸+1) def.= a

Kv(¸) and v
(¸+1) def.= b

K
T

u(¸+1) , (4.15)

initialized with an arbitrary positive vector v
(0) = 1m. The division operator used above

between two vectors is to be understood entry-wise. Note that a di�erent initialization
will likely lead to a di�erent solution for u, v, since u, v are only defined up to a
multiplicative constant (if u, v satisfy (4.13) then so do ⁄u, v/⁄ for any ⁄ > 0). It
turns out however that these iterations converge (see Remark 4.7 for a justification using
iterative projections, and Remark 4.13 for a strict contraction result) and all result in
the same optimal coupling diag(u)K diag(v). Figure 4.5, top row, shows the evolution
of the coupling diag(u(¸))K diag(v(¸)) computed by Sinkhorn iterations. It evolves from
the Gibbs kernel K towards the optimal coupling solving (4.2) by progressively shifting
the mass away from the diagonal.

Remark 4.4 (Historical Perspective). This algorithm was originally introduced with a
proof of convergence by Sinkhorn [1964] with later contributions [Sinkhorn and Knopp,
1967, Sinkhorn, 1967]. It was used earlier as a heuristic to scale a matrix so that it
fits desired marginals (typically uniform) and known as the iterative proportional fit-
ting procedure (IPFP) [Deming and Stephan, 1940] and RAS [Bacharach, 1965] meth-
ods [Idel, 2016], and later extended in infinite dimensions by Ruschendorf [1995]. It was
adopted very early as well in the field of economics, precisely to obtain approximate
solutions to optimal transport problems, under the name of gravity models [Wilson,
1969, Erlander, 1980, Erlander and Stewart, 1990]. It was rebranded as “softassign”
by Kosowsky and Yuille [1994] in the assignment case, namely when a = b = 1n/n,
and used to solve matching problems in economics more recently by Galichon and
Salanié [2009]. This regularization has received renewed attention in data sciences (in-
cluding machine learning, vision, graphics and imaging) following [Cuturi, 2013], who
showed that Sinkhorn’s algorithm provides an e�cient and scalable approximation to
optimal transport, thanks to seamless parallelization when solving several OT problems
simultaneously (notably on GPUs, see Remark 4.15), and that this regularized quantity

[F
ra
n
kl
in

an
d
L
or
en

z,
19

89
]

<latexit sha1_base64="gQBtDr2BYcGa08wcil1MYq/2YBE="></latexit><latexit sha1_base64="gQBtDr2BYcGa08wcil1MYq/2YBE="></latexit><latexit sha1_base64="gQBtDr2BYcGa08wcil1MYq/2YBE="></latexit><latexit sha1_base64="gQBtDr2BYcGa08wcil1MYq/2YBE="></latexit><latexit sha1_base64="gQBtDr2BYcGa08wcil1MYq/2YBE="></latexit>



Hilbert Metric Analysis

<latexit sha1_base64="HgbzUxOjfBog8xcC8c+lRFgA1iQ="></latexit>

Theorem:

<latexit sha1_base64="w40fYjAuiccyYasL2x+oGV5/rTE="></latexit>

Dual cost:
<latexit sha1_base64="2IxW0ycscoWUjrjOFtjQCrd9/eY="></latexit>

W(k)(↵,�)
def.
=

R
fkd↵+

R
gkd�

<latexit sha1_base64="MwXA7BWimeWxVVM0J3q1pg8adKw="></latexit>

|W(k)(↵,�)�W"
p(↵,�)

p| 6

<latexit sha1_base64="lgpeNshW8kTgX4+x64qRt/t44RY="></latexit>

Fast in term of k . . .
<latexit sha1_base64="uyuDllAy7FGLg1fBEEgPsn7a3to="></latexit>

slow in term of "
<latexit sha1_base64="rPXcfdvLPjSorgCH0kp2meEA6fs="></latexit>

�! useless to approximate Wp

<latexit sha1_base64="LXszBpp0uOZgr5r45tsOcMvo/sg="></latexit>

C(1� e�
||d||p1

" )k



Hilbert Metric Analysis

<latexit sha1_base64="HgbzUxOjfBog8xcC8c+lRFgA1iQ="></latexit>

Theorem:

<latexit sha1_base64="w40fYjAuiccyYasL2x+oGV5/rTE="></latexit>

Dual cost:
<latexit sha1_base64="2IxW0ycscoWUjrjOFtjQCrd9/eY="></latexit>

W(k)(↵,�)
def.
=

R
fkd↵+

R
gkd�

<latexit sha1_base64="MwXA7BWimeWxVVM0J3q1pg8adKw="></latexit>

|W(k)(↵,�)�W"
p(↵,�)

p| 6

<latexit sha1_base64="lgpeNshW8kTgX4+x64qRt/t44RY="></latexit>

Fast in term of k . . .
<latexit sha1_base64="uyuDllAy7FGLg1fBEEgPsn7a3to="></latexit>

slow in term of "
<latexit sha1_base64="rPXcfdvLPjSorgCH0kp2meEA6fs="></latexit>

�! useless to approximate Wp

<latexit sha1_base64="cWnmvuc7+BCm+yhq1JcDkdP5n/Q="></latexit>

Variation semi-norm:
<latexit sha1_base64="eL1y4Y1OK4V7QbmiGgX0he+kONs="></latexit>

||h||V , sup(f)� inf(f)

<latexit sha1_base64="lDl+42g5g5HGQ8Zg73egkjdHrqE="></latexit>

||fk � f
?||V = O(1� e

� ||dp||1
" )k

<latexit sha1_base64="dzTpadX3pf5sBHfZI7GNSH1H4co="></latexit>

Birkho↵’s contraction theorem:
<latexit sha1_base64="JrSePIcvuhdqtr56TIeF0M7Z+jk="></latexit>

f 7! f c," is contractant for || · ||V
<latexit sha1_base64="mRLVj5jgmugEjdc7KnyOlaoXnKs="></latexit>

=)

<latexit sha1_base64="CLxm7Hhiztx3QU473hecJZYnGtA="></latexit>

Proof:

<latexit sha1_base64="LXszBpp0uOZgr5r45tsOcMvo/sg="></latexit>

C(1� e�
||d||p1

" )k



Hilbert vs Mirror Analysis

<latexit sha1_base64="HgbzUxOjfBog8xcC8c+lRFgA1iQ="></latexit>

Theorem:

<latexit sha1_base64="Fo36Govvl7SLdYwIfThuT/Rfmqo="></latexit>8
>><

>>:

<latexit sha1_base64="MwXA7BWimeWxVVM0J3q1pg8adKw="></latexit>

|W(k)(↵,�)�W"
p(↵,�)

p| 6 <latexit sha1_base64="PY0tg7zb0D6GM9zLY7V55lIuW94="></latexit>

||d||2p1
"k

<latexit sha1_base64="LXszBpp0uOZgr5r45tsOcMvo/sg="></latexit>

C(1� e�
||d||p1

" )k



Hilbert vs Mirror Analysis

<latexit sha1_base64="HgbzUxOjfBog8xcC8c+lRFgA1iQ="></latexit>

Theorem:

<latexit sha1_base64="Fo36Govvl7SLdYwIfThuT/Rfmqo="></latexit>8
>><

>>:

<latexit sha1_base64="MwXA7BWimeWxVVM0J3q1pg8adKw="></latexit>

|W(k)(↵,�)�W"
p(↵,�)

p| 6

<latexit sha1_base64="ym+1vwu7caeBR8jX/pSLDpbHw5A="></latexit>

(Pinsker)

<latexit sha1_base64="oSRMoISiqyF5QqnMGPIkZfPFlpE="></latexit> [A
lt
sc
hu

le
r
et

al
20
17
] <latexit sha1_base64="AF5/WEibbrBBLSULZXd5jxaC8nM="></latexit>

�k
def.
= Wp

",p(↵,�)�W(k)(↵,�)
<latexit sha1_base64="t0Q52zQfZWM1Bndx3LadXDLljfk="></latexit>

�k ��k+1 = "KL(↵|(⇡k)1) + "KL(�|(⇡k)2)
<latexit sha1_base64="I4r/99Ygmtz0OAmh479Hqhaht2k="></latexit>

> "||↵� (⇡k)1||21 + "||� � (⇡k)2||21
<latexit sha1_base64="EVotC+Rbw8i268je+5MGKXbAFFk="></latexit>

(||fk||V , ||gk||V 6 ||d||p1)
<latexit sha1_base64="i7kvCEl4GjEOFWFNDplXaFyLBDU="></latexit>

> "
||d||2p1

�2
k

<latexit sha1_base64="PY0tg7zb0D6GM9zLY7V55lIuW94="></latexit>

||d||2p1
"k

<latexit sha1_base64="LXszBpp0uOZgr5r45tsOcMvo/sg="></latexit>

C(1� e�
||d||p1

" )k



Hilbert vs Mirror Analysis

<latexit sha1_base64="HgbzUxOjfBog8xcC8c+lRFgA1iQ="></latexit>

Theorem:

<latexit sha1_base64="Fo36Govvl7SLdYwIfThuT/Rfmqo="></latexit>8
>><

>>:

<latexit sha1_base64="MwXA7BWimeWxVVM0J3q1pg8adKw="></latexit>

|W(k)(↵,�)�W"
p(↵,�)

p| 6

<latexit sha1_base64="ym+1vwu7caeBR8jX/pSLDpbHw5A="></latexit>

(Pinsker)

<latexit sha1_base64="oSRMoISiqyF5QqnMGPIkZfPFlpE="></latexit> [A
lt
sc
hu

le
r
et

al
20
17
] <latexit sha1_base64="AF5/WEibbrBBLSULZXd5jxaC8nM="></latexit>

�k
def.
= Wp

",p(↵,�)�W(k)(↵,�)
<latexit sha1_base64="t0Q52zQfZWM1Bndx3LadXDLljfk="></latexit>

�k ��k+1 = "KL(↵|(⇡k)1) + "KL(�|(⇡k)2)
<latexit sha1_base64="I4r/99Ygmtz0OAmh479Hqhaht2k="></latexit>

> "||↵� (⇡k)1||21 + "||� � (⇡k)2||21
<latexit sha1_base64="EVotC+Rbw8i268je+5MGKXbAFFk="></latexit>

(||fk||V , ||gk||V 6 ||d||p1)
<latexit sha1_base64="i7kvCEl4GjEOFWFNDplXaFyLBDU="></latexit>

> "
||d||2p1

�2
k

<latexit sha1_base64="PY0tg7zb0D6GM9zLY7V55lIuW94="></latexit>

||d||2p1
"k

<latexit sha1_base64="XNTXcDZgz9qEYQGRiTECYNqt4B0="></latexit>

Proposition:

<latexit sha1_base64="khAXsjYAZa9k9xN+ghEAuxw2Rhk="></latexit>

for ↵ = 1
n

P
i �xi

<latexit sha1_base64="lmXLEbs0pi1MK2LZ3xo8tjOAWoM="></latexit>

" = �
log(n)

<latexit sha1_base64="cDtY2XCP3cKObBdSCfJozi4kQbo="></latexit>

operations

<latexit sha1_base64="wxIkFQiLQEte9Awwi+EFEaIXLQY="></latexit>

|W",p
p �Wp

p| 6 " log(n)

<latexit sha1_base64="1wVh5UE+TtsJBCTgiGmMKF04SHc="></latexit>

|W(k) �Wp
p| 6 �

<latexit sha1_base64="TrqlCnH7ykbCcnLv/2nTeGY9u/k="></latexit>

in n2 log(n)||d||2p1/"2

<latexit sha1_base64="LXszBpp0uOZgr5r45tsOcMvo/sg="></latexit>

C(1� e�
||d||p1

" )k



Overview

• Entropic Regularization and Sinkhorn 

• Convergence Analysis 

• Sinkhorn Divergences 

• Generative Model Fitting



Kernel norms and MMDs

the set of continuous functions over X . Following [Cut13], for some regulariza-
tion strength " > 0, we define the "-regularized OT cost between two probability
measures ↵ and � as the optimal value of an entropy-regularized linear problem
that reads, in its dual form:

OT"(↵,�)
def.
= max

(a,b)2C(X )2

Z

X
b d↵+

Z

X
a d� � "

Z

X 2

e
b(x)+a(y)�C(x,y)

" � 1 d↵(x) d�(y).

Limit values of the OT" cost. A key property of this entropized problem
is that as " tends to zero, its optimal value converges to a genuine Optimal
Transport distance [CDPS17]. At the other end of the spectrum, following
[RTC17], we show in Proposition 6 that

OT"(↵,�)
"!+1������! h↵ , C ? � i def.

=

ZZ
C(x, y) d↵(x) d�(y). (1)

The entropic bias. At first glance, this limit value looks good enough: the
cost OT1(↵,�) is the average value of C(x, y) over points sampled from ↵

and �. Unfortunately though, this simplistic cost cannot be used as a reliable
divergence between measures. For instance, if C(x, y) = kx � yk on RD, we
know that h↵, k · k ? �i > 0 as soon as ↵ and � are not identical Dirac masses.
Even worse: the probability measure ↵min that minimizes h↵, k · k ? �i is not
�... but a Dirac mass located at its median – see Figure 1.c.

These drawbacks at the limit are present for any regularization strength
" > 0 : in general, there exists a measure � di↵ering from � such that

OT"(�,�) < OT"(�,�). (2)

Consequently, minimizing the cost OT"(↵,�) with respect to ↵ does not allow
us to recover ↵ = �, but rather drives ↵ towards a “median axis”-like structure
of "-localized Fréchet means constructed from � [FCVP17] – see Figure 1.

(a) " = 0.01. (b) " = 0.10. (c) " = 1.00.

Figure 1: Entropic bias in the OT" loss. Starting from an arbitrary Gaussian
sample, the positions of the red dots that make up a model distribution ↵ are
optimized to fit an empirical distribution � (in blue) as we minimize OT"(↵,�).
These registrations are performed in the unit square, with an Earth Mover’s
cost C(x, y) = kx� yk.
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of "-localized Fréchet means constructed from � [FCVP17] – see Figure 1.

(a) " = 0.01. (b) " = 0.10. (c) " = 1.00.

Figure 1: Entropic bias in the OT" loss. Starting from an arbitrary Gaussian
sample, the positions of the red dots that make up a model distribution ↵ are
optimized to fit an empirical distribution � (in blue) as we minimize OT"(↵,�).
These registrations are performed in the unit square, with an Earth Mover’s
cost C(x, y) = kx� yk.

5

the set of continuous functions over X . Following [Cut13], for some regulariza-
tion strength " > 0, we define the "-regularized OT cost between two probability
measures ↵ and � as the optimal value of an entropy-regularized linear problem
that reads, in its dual form:

OT"(↵,�)
def.
= max

(a,b)2C(X )2

Z

X
b d↵+

Z

X
a d� � "

Z

X 2

e
b(x)+a(y)�C(x,y)

" � 1 d↵(x) d�(y).

Limit values of the OT" cost. A key property of this entropized problem
is that as " tends to zero, its optimal value converges to a genuine Optimal
Transport distance [CDPS17]. At the other end of the spectrum, following
[RTC17], we show in Proposition 6 that

OT"(↵,�)
"!+1������! h↵ , C ? � i def.

=

ZZ
C(x, y) d↵(x) d�(y). (1)

The entropic bias. At first glance, this limit value looks good enough: the
cost OT1(↵,�) is the average value of C(x, y) over points sampled from ↵

and �. Unfortunately though, this simplistic cost cannot be used as a reliable
divergence between measures. For instance, if C(x, y) = kx � yk on RD, we
know that h↵, k · k ? �i > 0 as soon as ↵ and � are not identical Dirac masses.
Even worse: the probability measure ↵min that minimizes h↵, k · k ? �i is not
�... but a Dirac mass located at its median – see Figure 1.c.

These drawbacks at the limit are present for any regularization strength
" > 0 : in general, there exists a measure � di↵ering from � such that

OT"(�,�) < OT"(�,�). (2)

Consequently, minimizing the cost OT"(↵,�) with respect to ↵ does not allow
us to recover ↵ = �, but rather drives ↵ towards a “median axis”-like structure
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of "-localized Fréchet means constructed from � [FCVP17] – see Figure 1.

(a) " = 0.01. (b) " = 0.10. (c) " = 1.00.

Figure 1: Entropic bias in the OT" loss. Starting from an arbitrary Gaussian
sample, the positions of the red dots that make up a model distribution ↵ are
optimized to fit an empirical distribution � (in blue) as we minimize OT"(↵,�).
These registrations are performed in the unit square, with an Earth Mover’s
cost C(x, y) = kx� yk.

5

the set of continuous functions over X . Following [Cut13], for some regulariza-
tion strength " > 0, we define the "-regularized OT cost between two probability
measures ↵ and � as the optimal value of an entropy-regularized linear problem
that reads, in its dual form:

OT"(↵,�)
def.
= max

(a,b)2C(X )2

Z

X
b d↵+

Z

X
a d� � "

Z

X 2

e
b(x)+a(y)�C(x,y)

" � 1 d↵(x) d�(y).

Limit values of the OT" cost. A key property of this entropized problem
is that as " tends to zero, its optimal value converges to a genuine Optimal
Transport distance [CDPS17]. At the other end of the spectrum, following
[RTC17], we show in Proposition 6 that

OT"(↵,�)
"!+1������! h↵ , C ? � i def.

=

ZZ
C(x, y) d↵(x) d�(y). (1)

The entropic bias. At first glance, this limit value looks good enough: the
cost OT1(↵,�) is the average value of C(x, y) over points sampled from ↵

and �. Unfortunately though, this simplistic cost cannot be used as a reliable
divergence between measures. For instance, if C(x, y) = kx � yk on RD, we
know that h↵, k · k ? �i > 0 as soon as ↵ and � are not identical Dirac masses.
Even worse: the probability measure ↵min that minimizes h↵, k · k ? �i is not
�... but a Dirac mass located at its median – see Figure 1.c.

These drawbacks at the limit are present for any regularization strength
" > 0 : in general, there exists a measure � di↵ering from � such that

OT"(�,�) < OT"(�,�). (2)

Consequently, minimizing the cost OT"(↵,�) with respect to ↵ does not allow
us to recover ↵ = �, but rather drives ↵ towards a “median axis”-like structure
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W"
p(↵,�)

p "!+1�! �h↵, �ik



Sinkhorn Divergences

fl

[Ramdas, Garćıa Trillos,
<latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit>

Cuturi, 2017]
<latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit>

<latexit sha1_base64="6lzXbTDPpUQChkRXAFYhOyQ6AzI="></latexit>

Sinkhorn Divergences:



Sinkhorn Divergences

fl

[Ramdas, Garćıa Trillos,
<latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit>

Cuturi, 2017]
<latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit>

<latexit sha1_base64="6lzXbTDPpUQChkRXAFYhOyQ6AzI="></latexit>

Sinkhorn Divergences:

" ! +1
<latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit><latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit><latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit><latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit>

" ! 0
<latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit><latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit><latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit><latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit>

[Ramdas, Garćıa Trillos,
<latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit>

Cuturi, 2017]
<latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit>

[Léonard 2012]
<latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit>

Theorem:
<latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="></latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="></latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="></latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="> </latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="> </latexit>

<latexit sha1_base64="O5FT/xua9A8E97A3ls2uRiNAbm0="></latexit>

1

2
||↵� �||2�dp



Sinkhorn Divergences

fl

[Ramdas, Garćıa Trillos,
<latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit>

Cuturi, 2017]
<latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit>

<latexit sha1_base64="6lzXbTDPpUQChkRXAFYhOyQ6AzI="></latexit>

Sinkhorn Divergences:

" ! +1
<latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit><latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit><latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit><latexit sha1_base64="2m5x5bH5vZA7MkIMJwilwPQbpJk="></latexit>

" ! 0
<latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit><latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit><latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit><latexit sha1_base64="CyJjxc+PxLdPpNbI+HEYdPSRjTE="></latexit>

[Ramdas, Garćıa Trillos,
<latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit><latexit sha1_base64="7m40Coq0F3c+G3SXCEnv0V4h1zw="></latexit>

Cuturi, 2017]
<latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit><latexit sha1_base64="m75fvIIJZfO41rSmbiCDgEUxaRI="></latexit>

[Léonard 2012]
<latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit><latexit sha1_base64="FktZ8qWo0YQDE1fIVBPQAYcO+ow="></latexit>

Theorem:
<latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="></latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="></latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="></latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="> </latexit><latexit sha1_base64="SpoJyWCLZt0uGDg27y4FVNG5tpA="> </latexit>

<latexit sha1_base64="O5FT/xua9A8E97A3ls2uRiNAbm0="></latexit>

1

2
||↵� �||2�dp

<latexit sha1_base64="uo2R6Eh4KXo54BjWqg9RXWBYUVA="></latexit>

Key problem: when is k(x, y) = �d(x, y)p a universal
<latexit sha1_base64="HxAKm25RPr6nAbmkFGHVik0hUcY="></latexit>

conditionaly positive kernel?

Proposition: || · ||�||·||p is a norm for 0 < p < 2.
<latexit sha1_base64="4pptgoscNwjR4G+wlzGlki25V8o="></latexit><latexit sha1_base64="4pptgoscNwjR4G+wlzGlki25V8o="></latexit><latexit sha1_base64="4pptgoscNwjR4G+wlzGlki25V8o="></latexit><latexit sha1_base64="4pptgoscNwjR4G+wlzGlki25V8o="></latexit>

<latexit sha1_base64="RAaLm1CEm2A/AOmfQUcrublbtWs="></latexit>

For p = 2:
<latexit sha1_base64="2Vjt5TdfsjhzL2RS6sYja/1FGHY="></latexit>

||⇠||2�||·||2 = |
R
xd⇠(x)|2

<latexit sha1_base64="lIZudIBRCiG9eS2Vm4An8dQXrNg="></latexit>

For p = 1: Ḣ� d+1
2 (Rd) Sobolev norm;



Sinkhorn Divergences Positivity

concave
<latexit sha1_base64="NGCGb9j9PjaGiCt5eqRJdYYEdaU="></latexit><latexit sha1_base64="NGCGb9j9PjaGiCt5eqRJdYYEdaU="></latexit><latexit sha1_base64="NGCGb9j9PjaGiCt5eqRJdYYEdaU="></latexit><latexit sha1_base64="NGCGb9j9PjaGiCt5eqRJdYYEdaU="></latexit>

concave
<latexit sha1_base64="17EnyIrs9y/b+aOK904a26808CE="></latexit><latexit sha1_base64="17EnyIrs9y/b+aOK904a26808CE="></latexit><latexit sha1_base64="17EnyIrs9y/b+aOK904a26808CE="></latexit><latexit sha1_base64="17EnyIrs9y/b+aOK904a26808CE="></latexit>

The unbiased Sinkhorn divergence. In many imaging and ML applica-
tions (e.g. shape registration or GAN training), ↵ is a parameterized distribu-
tion: as we fit our model to an observed empirical measure �, the entropic bias
can be highly detrimental to the accuracy of the whole pipeline. Recently, with
heuristic arguments, [GPC18] and [SZRM18] (see also [SBRL18]) thus proposed
to use an unbiased regularized OT cost, or Sinkhorn divergence,

S"(↵,�)
def.
= OT"(↵,�)� 1

2OT"(↵,↵)� 1
2OT"(�,�) (3)

so that at the very least, S"(�,�) = 0. The insight shared by these papers is
that since OT" converges to an average cost h↵,C ? �i when " tends to infinity
(1), we can show that

S"(↵,�)
"!+1������! 1

2 h↵� � , �C ? (↵� �) i; (4)

which is, if C(x, y) = kx � yk, a well-known quantity: the Energy Distance
MMD. Interpolating between two standard families of divergences, the Sinkhorn
divergences could be expected to share some of their desirable properties.

The present paper shows that this is, indeed, what happens: we prove that
S" is a convex function of each of its input and that, for any measure ↵,

0 = S"(�,�) 6 S"(↵,�). (5)

Information theoretic Sinkhorn divergences. Before moving on to our
contributions, let us mention [AKO17] for the definition of another positive
divergence based on Sinkhorn’s iterations, over the discrete probability simplex.
The present work opts for a rather di↵erent point of view, as we put forward
the geometric structure of our feature space and handle continuous probability
densities.

(a) Regularized OT, OT"(↵,�). (b) Sinkhorn divergence, S"(↵,�).

Figure 2: Removing the entropic bias. Starting from an arbitrary Gaussian
sample, the positions of the red dots that make up a model distribution ↵ are
optimized to fit an empirical distribution �, in blue. As shown in (b), using the
Sinkhorn divergence defined in (3) as an error criterion allows us to remove the
entropic bias from (a): we converge towards a sharp correspondance ↵ = �.
Figures computed in the unit square, with an Earth Mover cost C(x, y) = kx�yk
and a regularization scale " = 0.10.

6
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6

Theorem:
<latexit sha1_base64="WCp6tVB6SGFNLVO3ywKAXDF/o30="></latexit><latexit sha1_base64="WCp6tVB6SGFNLVO3ywKAXDF/o30="></latexit><latexit sha1_base64="WCp6tVB6SGFNLVO3ywKAXDF/o30="></latexit><latexit sha1_base64="WCp6tVB6SGFNLVO3ywKAXDF/o30="></latexit> [Feydy, Séjourné, P, Vialard, Trouvé, Amari 2018]

<latexit sha1_base64="+1SAgCrta7UxoRWrAdXNR0bYA1Q="></latexit><latexit sha1_base64="+1SAgCrta7UxoRWrAdXNR0bYA1Q="></latexit><latexit sha1_base64="+1SAgCrta7UxoRWrAdXNR0bYA1Q="></latexit><latexit sha1_base64="+1SAgCrta7UxoRWrAdXNR0bYA1Q="></latexit>

If e�
dp

" is positive:
<latexit sha1_base64="foMVsrwod8b/WdI3pq5gRhQougE="></latexit><latexit sha1_base64="foMVsrwod8b/WdI3pq5gRhQougE="></latexit><latexit sha1_base64="foMVsrwod8b/WdI3pq5gRhQougE="></latexit><latexit sha1_base64="foMVsrwod8b/WdI3pq5gRhQougE="></latexit><latexit sha1_base64="foMVsrwod8b/WdI3pq5gRhQougE="></latexit>



Wasserstein Gradient Flows/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��

/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��

/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��

/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��
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L = 605" " = ����

L = 4" " = ����

��
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L = 4" " = ����

��
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L = 4" " = ����

��

/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��

/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��

/VNFSJDT � (SBEJFOU EFTDFOU

1BSBNFUFST� $(Y , Z) = kY � Zk�� PO [�, �]� ⇢ = �.� ⌘Y = ��.� ⌘S = �.�

L = 605" " = ����

L = 4" " = ����

��

<latexit sha1_base64="InU9V0zyCicPmBiqS87yEhwwI4Q="></latexit>

Wasserstein flow:

<latexit sha1_base64="lzvxwxdINcv2HvQpU/V88ewAsnk="></latexit>

�

<latexit sha1_base64="iUK2Y4C7x/eXdutCHErXmucIsDU="></latexit>

1
n

P
i �xi

<latexit sha1_base64="5SlShoWc3QDKq8DuukujlZu4BZw="></latexit>

t

<latexit sha1_base64="5SlShoWc3QDKq8DuukujlZu4BZw="></latexit>

t

<latexit sha1_base64="Xw2lcI9E20mg4c6mau+Zw/BtCfM="></latexit>

min
x=(xi)i

E(x) , W "
2 (

1
n

P
i �xi ,�)

<latexit sha1_base64="xe1xipRcaZJsYcK2t05GFlaFf34="></latexit>

min
x=(xi)i

f(x) , W̄ "
2 (

1
n

P
i �xi ,�)

dx(t)

dt
= �rE(x(t))

<latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit>



Wasserstein Gradient Flows

↵x
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit><latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit><latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit><latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit>

dx(t)

dt
= �rE(x(t))

<latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit>

" = 10�2
<latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit><latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit><latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit><latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit>

" = +1
<latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit><latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit><latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit><latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit>

c(
x
,y
)
=

||x
�
y||

1
.3

<latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit><latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit><latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit><latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit>

" = 0
<latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit><latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit><latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit><latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit>

�
<latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit><latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit><latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit><latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit>

↵x(t)
<latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit><latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit><latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit><latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit>

" = 10�1
<latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit><latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit><latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit><latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit>

E(x) def.
= W

1.3
",1.3(↵x,�)

<latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit><latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit><latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit><latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit>



Wasserstein Gradient Flows

↵x
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit><latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit><latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit><latexit sha1_base64="MSImHxvBoXvylzZaNu/QvGDGGuM="></latexit>

dx(t)

dt
= �rE(x(t))

<latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit><latexit sha1_base64="OQphY/Hn5bejpVV7cFmoa0v3m54="></latexit>

" = 10�2
<latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit><latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit><latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit><latexit sha1_base64="Ghb0k2vCvOHvcfaxNqr1RUfNNTI="></latexit>

" = +1
<latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit><latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit><latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit><latexit sha1_base64="gyBvb/eMfElELHWyHibsHcXYYtM="></latexit>

c(
x
,y
)
=

||x
�
y||

1
.3

<latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit><latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit><latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit><latexit sha1_base64="v1CqqSMe+R3KXAoOp9kV52di2rY="></latexit>

" = 0
<latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit><latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit><latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit><latexit sha1_base64="icDx18g1UkzEMIY/1bF3RfcRh2A="></latexit>

�
<latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit><latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit><latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit><latexit sha1_base64="xSGfVE0YnNgFW1xCj/pfMyYa+fw="></latexit>

↵x(t)
<latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit><latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit><latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit><latexit sha1_base64="VP81QjmhSyvFCAgTp7O+N8D4y9w="> 7nnEjjK/sMlU+Sxvg9JSqm1jhR36rM/+n767vFb8pdfyy4v1+2ur99c+fbD8s3/QvwL7I/Xn6i9BF2vqA/Uz9QRs8kjh7tl/Uf+h/vPy+vKfL//18t846w9/oDF/qnL/Xf7X/wFNKEJ2</latexit>

" = 10�1
<latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit><latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit><latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit><latexit sha1_base64="prKY5iEwC/+5kjc2NL9LxuyOtZg="></latexit>

E(x) def.
= W

1.3
",1.3(↵x,�)

<latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit><latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit><latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit><latexit sha1_base64="VzqJxs9XsQfT9flNZtf9q+UcX8I="></latexit>



Sample Complexity

n

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem:
E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1

d )
<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>

Richard Dudley



Sample Complexity

n

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem:
E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1

d )
<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>

Richard Dudley



Sample Complexity

n

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem:

E(|||↵̂� �̂||k � ||↵� �||k|) = O(n� 1
2 )

<latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit>

E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1
d )

<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>

Richard Dudley



Sample Complexity

n

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem:

E(|||↵̂� �̂||k � ||↵� �||k|) = O(n� 1
2 )

<latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit>

E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1
d )

<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>

Richard Dudley



Sinkhorn Divergence Estimator



Sinkhorn Divergence Estimator



Sinkhorn Divergence Estimator



Leveraging smoothness in high dimension?

<latexit sha1_base64="ePzgW+JqdbDqdwOItscJ4SbXEx4="></latexit>

Complexity O(n2)



Leveraging smoothness in high dimension?

<latexit sha1_base64="ePzgW+JqdbDqdwOItscJ4SbXEx4="></latexit>

Complexity O(n2)



Leveraging smoothness in high dimension?

<latexit sha1_base64="ePzgW+JqdbDqdwOItscJ4SbXEx4="></latexit>

Complexity O(n2)

<latexit sha1_base64="sG/gZlwTelrANsin1XA2lLXa6pM="></latexit>

[Vacher, Muzellec, Rudi, Bach, Vialard, 2021]
<latexit sha1_base64="mGAogODWB+wg4Uc9+L3HPnprtD4="></latexit>

Recent breakthrough:



Overview

• Entropic Regularization and Sinkhorn 

• Convergence Analysis 

• Sinkhorn Divergences 

• Generative Model Fitting



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>

Density fitting:

Maximum
likelihood (MLE)

d↵✓(x) = ⇢✓(x)dx
<latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit>



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>

Density fitting:

Maximum
likelihood (MLE)

d↵✓(x) = ⇢✓(x)dx
<latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit>

g✓

XZ

⇣

Generative model fit:

! MLE undefined.
! Need a weaker metric.

↵✓ = g✓,]⇣
<latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

min
✓

W
p
",p(↵✓,�)

<latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit>



Deep Discriminative vs Generative Models
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Deep Discriminative vs Generative Models
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Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

x1
<latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit>

xm
<latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit>

z1
<latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit>

zm
<latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit>

Stochastic gradient descent
<latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit>

↵✓
<latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit>

�
<latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit>

min
✓

E(✓) def.
= W

p
",p(↵✓,�)

<latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit>

✓  ✓ � ⌧rÊ(✓)
<latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit>

Ê(✓) def.
= W

p
",p(

1
m

P
i �g✓(zi),�)

<latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit>



Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

x1
<latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit>

xm
<latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit>

z1
<latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit>

zm
<latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit>

Stochastic gradient descent
<latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit>

↵✓
<latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit>

�
<latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit>

min
✓

E(✓) def.
= W

p
",p(↵✓,�)

<latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit>

✓  ✓ � ⌧rÊ(✓)
<latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit>
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<latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit>

(y
1
,.
..
,y

n
)

<latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit>

Generative model
<latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit>

(x
1
,.
..
,x

m
)

<latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit>(z
1
,.
..
,z

m
)

<latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit>

randn
<latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="></latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="></latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="></latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="> </latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="> </latexit>

Sinkhorn, ` = 0, . . . , L� 1
<latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit>

Ê(✓)
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Ê(✓) def.
= W

p
",p(

1
m

P
i �g✓(zi),�)

<latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit>



Automatic Differentiation
Setup: E : Rn ! R computable in K operations.

Hypothesis: elementary operations (a⇥ b, log(a),
p
a . . . )

and their derivatives cost O(1).

Question: What is the complexity of computing rE : Rn ! Rn?

function y = E(x) 
a = xi1*x 
b = rho(a) 
z = xi2*b 
y = 1/2*norm(z-u)^2
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and their derivatives cost O(1).

Question: What is the complexity of computing rE : Rn ! Rn?

function y = E(x) 
a = xi1*x 
b = rho(a) 
z = xi2*b 
y = 1/2*norm(z-u)^2

function dx = nablaE(x) 
dz = z-u 
db = xi2’*dz 
da = diag(dphi(a)) * db 
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This algorithm is reverse mode automatic di↵erentiation

[Seppo Linnainmaa, 1970]

Seppo 
Linnainmaa
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Examples of Images Generation

(a) WGAN MNIST (b) WGAN CelebA (c) WGAN LSUN

(d) MMD GAN MNIST (e) MMD GAN CelebA (f) MMD GAN LSUN

Figure 2: Generated samples from WGAN and MMD GAN on MNIST, CelebA, and LSUN bedroom
datasets.

digits in Figure 1c are more natural with smooth outline and sharper strike. For CIFAR-10 dataset,
both GMMN variants fail to generate meaningful images, but resulting some low level visual features.
We observe similar cases in other complex large-scale datasets such as CelebA and LSUN bedrooms,
thus results are omitted. On the other hand, the proposed MMD GAN successfully outputs natural
images with sharp boundary and high diversity. The results in Figure 1 confirm the success of the
proposed adversarial learned kernels to enrich statistical testing power, which is the key difference
between GMMN and MMD GAN.

If we increase the batch size of GMMN to 1024, the image quality is improved, however, it is still
not competitive to MMD GAN with B = 64. The images are put in Appendix C. This demonstrates
that the proposed MMD GAN can be trained more efficiently than GMMN with smaller batch size.

Comparisons with GANs: There are several representative extensions of GANs. We consider
recent state-of-art WGAN [8] based on DCGAN structure [34], because of the connection with MMD
GAN discussed in Section 4. The results are shown in Figure 2. For MNIST, the digits generated
from WGAN in Figure 2a are more unnatural with peculiar strikes. In Contrary, the digits from
MMD GAN in Figure 2d enjoy smoother contour. Furthermore, both WGAN and MMD GAN
generate diversified digits, avoiding the mode collapse problems appeared in the literature of training
GANs. For CelebA, we can see the difference of generated samples from WGAN and MMD GAN.
Specifically, we observe varied poses, expressions, genders, skin colors and light exposure in Figure
2b and 2e. By a closer look (view on-screen with zooming in), we observe that faces from WGAN
have higher chances to be blurry and twisted while faces from MMD GAN are more spontaneous with
sharp and acute outline of faces. As for LSUN dataset, we could not distinguish salient differences
between the samples generated from MMD GAN and WGAN.

5.2 Quantitative Analysis

To quantitatively measure the quality and diversity of generated samples, we compute the inception
score [28] on CIFAR-10 images. The inception score is used for GANs to measure samples quality
and diversity on the pretrained inception model [28]. Models that generate collapsed samples have
a relatively low score. Table 1 lists the results for 50K samples generated by various unsupervised
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<latexit sha1_base64="F55MCGAlR4/V3M66N2jSAIi5cuA="></latexit><latexit sha1_base64="F55MCGAlR4/V3M66N2jSAIi5cuA="></latexit><latexit sha1_base64="F55MCGAlR4/V3M66N2jSAIi5cuA="></latexit><latexit sha1_base64="F55MCGAlR4/V3M66N2jSAIi5cuA="></latexit><latexit sha1_base64="F55MCGAlR4/V3M66N2jSAIi5cuA="></latexit>

! Need to learn the metric d(x, y) = ||h⇠(x)� h⇠(y)|| (GANs)
<latexit sha1_base64="yB705Ixu/zCYepYJzGKI7FD2cMc="></latexit><latexit sha1_base64="yB705Ixu/zCYepYJzGKI7FD2cMc="></latexit><latexit sha1_base64="yB705Ixu/zCYepYJzGKI7FD2cMc="></latexit><latexit sha1_base64="yB705Ixu/zCYepYJzGKI7FD2cMc="></latexit>

Ian Goodfellow

"
<latexit sha1_base64="dEW0Q4M3PUJdLhKflwdZWYz5/OA="></latexit><latexit sha1_base64="dEW0Q4M3PUJdLhKflwdZWYz5/OA="></latexit><latexit sha1_base64="dEW0Q4M3PUJdLhKflwdZWYz5/OA="></latexit><latexit sha1_base64="dEW0Q4M3PUJdLhKflwdZWYz5/OA="></latexit>

Inception score
<latexit sha1_base64="0cAYPQFaiya8aU6SAHLqU0LH/fg="></latexit><latexit sha1_base64="0cAYPQFaiya8aU6SAHLqU0LH/fg="></latexit><latexit sha1_base64="0cAYPQFaiya8aU6SAHLqU0LH/fg="></latexit><latexit sha1_base64="0cAYPQFaiya8aU6SAHLqU0LH/fg="></latexit>
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X

“fake”
<latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit>

g✓
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X

“fake”
<latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit><latexit sha1_base64="dML4IZ03FhEUccU1uUOOJP3ATDc="></latexit>

g✓



Open Problems

Monge Kantorovic Dantzig Brenier Villani Figalli

Toward high-dimensional OT:
<latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit>

! Scalable geometrical loss functions in high dimension?
<latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="RNmm0D0cz88egMNCfZkHCCtRm8o="></latexit><latexit sha1_base64="RNmm0D0cz88egMNCfZkHCCtRm8o="></latexit><latexit sha1_base64="hcOWXBbuT0QW/5pws0wKc0sbW88="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit>

! Performance quality measures for unsupervised learning?
<latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit>



Open Problems

Monge Kantorovic Dantzig Brenier Villani Figalli

Toward high-dimensional OT:
<latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit>

! Scalable geometrical loss functions in high dimension?
<latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="RNmm0D0cz88egMNCfZkHCCtRm8o="></latexit><latexit sha1_base64="RNmm0D0cz88egMNCfZkHCCtRm8o="></latexit><latexit sha1_base64="hcOWXBbuT0QW/5pws0wKc0sbW88="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit>

! Performance quality measures for unsupervised learning?
<latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit>

Metric learning for OT:
<latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit>

z g✓
z

x d⇠

! Adversarial training to
<latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit>

leverage multi scale priors?
<latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit>



Open Problems

Monge Kantorovic Dantzig Brenier Villani Figalli

Toward high-dimensional OT:
<latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik="></latexit>

! Scalable geometrical loss functions in high dimension?
<latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="RNmm0D0cz88egMNCfZkHCCtRm8o="></latexit><latexit sha1_base64="RNmm0D0cz88egMNCfZkHCCtRm8o="></latexit><latexit sha1_base64="hcOWXBbuT0QW/5pws0wKc0sbW88="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit><latexit sha1_base64="UWXa8bOS2HjtneDUO6KXr0LGAV8="></latexit>

! Performance quality measures for unsupervised learning?
<latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit>

Metric learning for OT:
<latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit>

z g✓
z

x d⇠

! Adversarial training to
<latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit>

leverage multi scale priors?
<latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit>

Beyond comparing measures:
<latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit><latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit><latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit><latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit>

! Using Gromov-Wasserstein geometry?
<latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit><latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit><latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit><latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit>

! Learning for surfaces, graphs, metric spaces?
<latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit><latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit><latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit><latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit>


