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Entropic Regularization

Schrodinger’s problem: [1931]

P]l:gl]_ii)q_]lzb Zz,] d(i[}z, y])pPz,] =+ 6Pz,] lOg(PZ,J)




Entropic Regularization

Schrodinger’s problem: [1931]

min
Pl=a,P"1=Db




Entropic Regularization: General Case

m= Zzg P 0z, Sy

Relative-entropy: KL(7|a ® 3) déf'/ 10g< dr (fﬁay)) dr(z,y)
X2 dOddB

Schrodinger’s problem: [1931]
def. 5
W2 (0,5) % min /X @z, y)dn(r,y) + KL(xlo © )
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Probabilistic Interpretation

, o. d
Relative-entropy: KL(w|a® ) = / log ( . (z, y)) dm(z,y)
X2 dOéd/B ki 1

Schrodinger’s problem: [1931] .
) @8 min / (2, y)dn(e,y) + KL(xla © 6)  pEETER
X2 oy TN

mT1=a,m2=0

min {E(c(X,Y)) +el(X,V): X ~a,Y ~ 5} gRiEtas

. . Léonard
(X,Y) Mutual information —



Probabilistic Interpretation

Relative-entropy: KL(7w|a ® B) déf’/ log dr (z,y) | dn(z,y)
X2 dOéd/B
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Impact of Regularization
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Impact of Regularization

Cumulative: C(wy@{ﬁmﬁ;dﬂ%w
Copula:  y.(s,t) = Cr(C7(s), Cﬁ_l(t))
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Sinkhorn’s Algorithm

mPin {Zw d(zi,y;)PP;; +eP; ilog(P;;); Pl=a,P'1l= b}

d(z;,y;)P

Proposttion: Pl=a,P"1=>b and B
P solution < ( Ju, v, P, =uK, ;v K,, =e :



Sinkhorn’s Algorithm

mPin {Zw d(zi,y;)PP;; +eP; ilog(P;;); Pl=a,P'1l= b}

def.
K . =e =

t,J

Proposition: Pl=a,P'1l =b and
P solution & E|u, V, Pz’,j = u; Kz’,j V;
P = diag(u)K diag(v) = a=P1 =diag(u)(Kv) =u® (Kv)

Row constraint: u® (Kv) =a Col. constraint: ve (K'u)=b



Sinkhorn’s Algorithm

min {Zi,j d(xi,yj)pPi,j + €Pi’j log(Pi,j) ) P11 = a, PT]l = b}

P
Proposition: { Pl=a,P'1=>b and Aoy )P
: K. . d;f' e Z:.: -
P solution < ( Ju,v, P;; =u; K, v, i

P = diag(u)K diag(v) = a=PI1 =diag(u)(Kv) =u® (Kv)
Row constraint: u® (Kv) =a Col. constraint: ve (K'u)=b

a b
Sinkhorn i1terations: u$— —/— V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.




Sinkhorn’s Algorithm

mgn {Zi,j d(xi,yj)pPi,j + c’:“P,L"j 1Og(PZ’,j) ; P11 = a, PT]l = b}

d(z;,y;)P

def. .
K@j — € €

Proposition: { Pl=a,P'1l =b and

P solution < | Ju,v, P;;, =u; K, v,

P = diag(u)K diag(v) = a=P1 =diag(u)(Kv) =u® (Kv)
Row constraint: u® (Kv) =a Col. constraint: ve (K'u)=b

a b

Sinkhorn 1terations: u < — V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.

Matrix /vector multiplications: — O(n?/g?) complexity.

— Parallelizable on GPUs.
— Convolution on regular grids, separable kernels.

o )



Sinkhorn, IPFP, RAS, ...

Many names:

Sinkhorn algorithm

DAD scaling Udny 1912
Kruithof, 1937

Deming and Stephan, 1940
Sinkhorn 1964

Iterative proportional fitting
Biproportional fitting

RAS algorithm

Matrix scaling

Gravity model

Special thanks to Tony Silveti-Falls for the picture of Sinkhorn



Sinkhorn Evolution




Sinkhorn Evolution




Other Regularizations

min {/ |z — y|?dn(z,y) + eR(7) ; 11 = o, mg = ﬂ}
T R2

M Dykstra’s algorithm




Other Regularizations

min {/ |z — y|?dn(z,y) + eR(7) ; 11 = o, mg = ﬂ}
T R2

M Dykstra’s algorithm




Extension: Unbalanced OT

W;’p(&a B) déf. m7T111f dPdm + TKL(ﬂ'1|O&) i TKL(ﬂ'Q’B)

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Liereo, Mielke, Savaré 2015] See also:
[Kondratyev, Monsaingeon, Vorotnikov 2015]



Extension: Unbalanced OT

WP (a, B) = mﬂinf dPdm + TKL(7m|a) + TKL(72|5)

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Liereo, Mielke, Savaré 2015] See also:
[Kondratyev, Monsaingeon, Vorotnikov 2015]

J(Va - B2 «e— I8 WP(a, ) — L2 H0 L WP(a, §)

Hellinger Q Unbalanced Balanced

A




Extension: Unbalanced OT

WP (a, B) = mmf dPdrm + TKL(71|a) + TKL(72|3)

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Liereo, Mielke, Savaré 2015] See also:
[Kondratyev, Monsaingeon, Vorotnikov 2015]
— 0 T — 400
J(Va = VB)? —— WP, B) —— Wh(a, B)
Hellinger Q Unbalanced 5 Balanced

WP (a, B) = min [ dPdr + TKL(71|a) + 7KL(73|8) + eKL(7|a ® B)

Sinkhorn’s algorithm: |, , ( a )1+; V(_( b )1+;

Kv

K'u



Extension: Wasserstein Barycenters

Barycenters of measures (ag)s: Y A\ =1 E

b* e al‘g;nin Zs )‘Swg(@& 6) :

AR,
*
051 B.‘.-
:o/ ..\
ag 0.0

Solomon et al, SIGGRAPH 2015]



Extension: Wasserstein Barycenters

Barycenters of measures (as)s: > A =1 EF

p* € arg{rgnin > s AW (as, B)

Qs e, ‘

Sinkhorn’s algorithm:
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Bregman Iterative Projections

(P, C) +eKL(Pla® b) = KL(P|K) 4+ cst where K;;=¢e "¢ a;b;

Shrodinger problem: ~ min  KL(P|K)
PcU(a,b)

Constraints : o
Cl U CIQ) C; Og' {P g le — a} 612) = {P : PTlm = b}
a



Bregman Iterative Projections

|Bregman, 1967

Ci,j

(P, C) +eKL(Pla® b) = KL(P|K) 4+ cst where K;;=¢e "¢ a;b;
Shréodinger problem:  min  KL(P|K)
PeU(a,b)
Constraints : o1 ez fp . pT]
cluc ={P : P1,, =a} b { : m = }

[terative projections: PV = Projgit(PY) and P = Projist(P(HY)

Theorem: P - P* = argmin KL(P|K)
For affine (C},C3%), Pecanty,




|Bregman, 1967

Bregman Iterative Projections
(P, C) +¢KL(Pla®b) = e KL(P|K) +cst  where K;; = ab;

Shrodinger problem: ~ min  KL(P|K)

PeU(a,b)
Constraints : | et 02 et {P . pTy b}
C;ch Ca ={P : Ply, =a;j b ' e
[terative projections: P < projEEPW) and P2 < projKt @)
pro] Cl c2
Theorem: P - P* = argmin KL(P|K)
For affine (C},C3%), Pecanty,

Sinkhorn <= iterative projections.

P2 < diag(u?)K diag(v\), P2 L diag(uH K diag(v?)



Dual Analysis: Alternate Maximization

Dual problem:
dof —dP 4 fPg
We (o, B)P = sup fda+ [ gdB +¢ (1—e” = )da®dp
yo Y
(f,9)€C(X)? X2
f*(2)+9* (y) —c(z,y)

Primal-dual relations: dn*(z,y) =e : da(x)ds(y)




Dual Analysis: Alternate Maximization

Dual problem:
def M
We (o, B)P = sup fda+ [ gdB +¢ (1—e” = )da®dp
yo ?
(f,9)€C(X)? X2
fX (@) +9* (y) —c(=,y)

Primal-dual relations: dn*(x,y) =e : da(z)ds(y)
Soft min: min®(h) = —slog/ e Meda 23 min h
« X supp (o)

[9%(y) = min®(dP(-,y) — f)

Soft c-transforms:



Dual Analysis: Alternate Maximization

Dual problem:
Wea, g swp [ fdat [gasre [ (- 0w as
XQ

(f,g)eC(x)?
f (x)+g9* (y)—c(=z,y)

Primal-dual relations: dn*(x,y) =e : da(z)ds(y)
Soft min: min®(h) = —slog/ e Meda 23 min h
« X supp (o)

f9%(y) = min®(d(,y) — f)

Soft c-transforms:

Sinkhorn’s algorithm: | .14 = (gk)c’s Jk41 = (fk+1)c’8 |
5 | ‘

Proposition: fo=0< f1 < fo <... If cis bounded, fr — f~.
[Robert Fortet 1938]



Hilbert Projective Metric

Hilbert’s projective metric: ¥ (u,u’) € (R} ,)* 1 Qf?«@
dy(u, 1) = [ log(u) — log(u') v o’ \(’/
1flv 2 max(f) — min(f) <7
dy is a distance on the set of rays u. 3 -




Hilbert Projective Metric

Hilbert’s projective metric: ¥ (u,u’) € (R} ,)* Qf?«@
o) = loge) —leg@)ly | W) N
1flv 2 max(f) — min(f) <7
dy is a distance on the set of rays u. 3 -




Perron Frobenius

Simplex: Y = {p € R’i P Y i Di = 1}

A: D — ik
Stochastic matrix: A € R”, A1, =1,

If A>0,dlp*, Ap™ = p~.
3p € 0,1], [A*p — p*| <

A\ > o /\

Theorem: |[Perron-Frobenius]

A%y A%y = {p"}



Sinkhorn under Hilbert’s Metric

[Franklin and Lorenz, 1989]

2 and vHD b

Kv(®) KTu(e‘H)

Sinkhorn iterations: u“)=

Theorem: One has (u,v(9) — (u*,v*)

dy(u',u") = ONK)Y),  du(v,v") = O(AK)).

(0), T
dy(PY1,,, a) 0 WP 1,,b)
(0 w* i m; dy (v, v7) <
() < TR ( =TIk

| log(P) —1og(P*)||o < da(u'?, u*) + dyy (v, v*)



Hilbert Metric Analysis

Dual cost: W(k)(a,ﬁ) = [ frda + [ grdf

4B

Theorem: [W*(a,8) = Wi (o, B)P| < C1—e™ = )F

Fast in term of k£ ... slow in term of ¢
— useless to approximate W,



Hilbert Metric Analysis

Dual cost: W(k)(oz,ﬁ) = [ frda + [ grdf

4B

Theorem: W™ (o, 8) = Wi (0, 87| < C(1—e =7)F

Fast in term of k£ ... slow in term of ¢
— useless to approximate W,

Proof:

Variation semi-norm: |h|y = sup(f) — inf(f)

Birkhoff’s contraction theorem:

f — f©° is contractant for | - |y

_ 4Pl

— |fi—fJv=00—-e" = )F



Hilbert vs Mirror Analysis

Theorem:

’W(k) (057 5) -

\

|d)2
ek




Hilbert vs Mirror Analysis

Theorem:  |[W¥)(q, ) — Wi (o, B)P| < 9

|d)2
ek

Ap E WP (o, B) — WH)(a, B)
A — A1 = eKL(a|(mr)1) + eKL(B|(7x)2)

> ela — (Tl + el — (mr)2]i  (Pinsker)

[Altschuler et al 2017]

-
€ 2
2 jarz Pk (U flvs lgxly < 12



Hilbert vs Mirror Analysis

Theorem: |W(k>(a,5) — W, (a, 8)P| < 9 )22
N ek

S AEWL(08) - W0, )

;f A — App1 = eKL(a|(m5)1) + eKL(8|(7k)2)

iZ > el — (mr)1]f + €] B — (mx)2]f  (Pinsker)
] > 1t (felv lorlv < IdI2.)
for o = 0 221 | Wk WP\

Proposition: ( ]_» 2 12
— lo (n) in n“lo p 5

< elog(n
operatlons
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Kernel norms and MMDs

Wi(a,8) = min  [o,d(z,y)Pdr(z,y) + e KL(r|a ® )

T1=0,mo=0
m(in W (e, B)
Problem: W (a, ) # 0




Kernel norms and MMDs

Wi(a,8) = min  [o,d(z,y)Pdr(z,y) + e KL(r|a ® )

1=, mo=0
moin W (e, B)
Problem: W (a, ) # 0

()€%+m

Prop.: a@p for k(z,y) = —d(x,y)? and

W (a, B)P “255° (o, B (o, Bk Z [ k(x,y)da(z)dB(y)



Kernel norms and MMDs

Wi(a,8) = min [y, d(z,y)Pdr(z,y) + e KL(1|a @ B)

1=, mo=0
moin Wi (o, B)
Problem: W, (a, ) # 0

8:
Prop.: 7® 20 ® for k(x Y) = —d( )1D and
W5 (o, B)P “=5° —{a, Bk = [ k(. y)da(z)dB(y)

Kernel norms (MMD): |a — 5”2 = (o — B, a— B

1 2
2 _ E . E E . Ay
”Oé - /BHk — n2 ~ k(xwxz k yj7y] . k‘(ﬂ?z,y])

) 1,9 Gretton \
iy O - .. "
N Ui o Ji, 8 1 o <. conditionally positive
o’ * o o st be: universal



Sinkhorn Divergences

Sinkhorn Divergences:

W, (o, B)P = Wi(a, B)P — LWE(a, a)? — SWE(B, B)P

[Ramdas, Garcia Trillos, Cuturi, 2017]



Sinkhorn Divergences

Sinkhorn Divergences:

W, (o, B)P = Wi(a, B)P — LWE(a, a)? — SWE(B, B)P

[Ramdas, Garcia Trillos, Cuturi, 2017]

e—>0 ¢ e — oo 1
Theorem: Wy(e, B)P < W, (a, B)P 69 Sl = B2 g
[Léonard 2012] [Ramdas, Garcia Trillos,
Cuturi, 2017]



Sinkhorn Divergences

Sinkhorn Divergences:

. 1
Theorem: Wp(a, B)P =20 W (a, )P E2FX, “ja— g2,

W, (@, B)P < WE(a, B)P — 1WE(a, o) — LWE(B, B)P

[Ramdas, Garcia Trillos, Cuturi, 2017]

[

[Léonard 2012] [Ramdas, Garcia Trillos,
Cuturi, 2017]
.
Key problem: when is k(xz,y) = —d(x,y)?P a universal
conditionaly positive kernel? )

Proposition: |- |_y.p» is @ norm for 0 < p < 2.

d+1

For p=1: H- "z (R%) Sobolev norm;
For p = 2: ||€H2_||.||2 = |f$d£(55)|2



Sinkhorn Divergences Positivity

W, (e, B)P = Wi (a, B)P — %W;(ix, Q)P — %W;gf,mp

concave concave

Theorem: [Feydy, Séjourné, P, Vialard, Trouvé, Amari 2018]

_dar ..
If e~ "= is positive:

gt f

W, >0 and W, (-, 8)? is convex.

W;(ozn,ﬂ) 50 = q, A B

moin Wi (o, B) moin W;(C% B)



Wasserstein Gradient Flows

Er%in) E(x) EWE(£ >, 04,0
e dz(t

Wasserstein flow: T —VE(x(t

n (2




Wasserstein Gradient Flows

<7 def

— _VE@()  E@)EW.is(a,8) eI 4,
E

— 1072

11
i

€ = +00

A




Wasserstein Gradient Flows

<7 def

— _VE@()  E@)EW.is(a,8) eI 4,
E

— 1072

11
i

€ = +00

A




Sample Complexity

Theorem



Sample Complexity

2

g E(|Wa (4, 8) — Wa(a, B)]) = O(n~4

il (Chizat, Roussillon, Léger, Vialard, P. 2020]

Dudlev

:’Rl



Sample Complexity

E(IWp(, 5) = Wp(a, B)]) = O(n~ 1)

E(|Wa (@, 3) — Wa(a, B)]) = O(n™4)
[Chizat, Roussillon, Léger, Vialard, P. 2020]

E(||a - Bk — o — Blk]) = O(n~2)



Sample Complexity

E(|Wa(&, 8) — Wa(a, B)])
[Chizat, Roussillon, Léger, Vialard, P. 2020]

1

E(lla = Bk — [a = Blx]) = O(n~2)

E(|W, (4, 8) = Wy(, 8)]) = O(e2n~2)
(Genevay, Bach, P, Cuturi, 2019]



Sinkhorn Divergence Estimator

Theorem: |S. Pal, 2019]
Ws5(a, 8)* — Wa(a, B)° = delog v2me + (H(e) + H(B)) + o(e)



Sinkhorn Divergence Estimator

Theorem: |S. Pal, 2019]
Ws5(a, 8)* — Wa(a, B)° = delog v2me + (H(e) + H(B)) + o(e)

Displacement interpolation: p; : @« — 3

1
Fisher information: I(a, 8) = / |V log(pe ()| pe () dzdt
0o JRrd

Theorem: |G. Conforti and L. Tamanini 2019

Wi(a 6" = Wala, )7 = &2 (10, 8) - Z5 = H02) 4 ofe)




Sinkhorn Divergence Estimator

Theorem: |S. Pal, 2019]
Ws5(a, 8)* — Wa(a, B)° = delog v2me + (H(e) + H(B)) + o(e)

Displacement interpolation: p; : @« — 3

1
Fisher information: I(a, 8) = / |V log(pe ()| pe () dzdt
0o JRrd

Theorem: |G. Conforti and L. Tamanini 2019
Wi(a 6" = Wala, )7 = &2 (10, 8) - Z5 = H02) 4 ofe)

|
E(|Wy(&, 5)% — Wa(a, 8)2]) = O(e~5n~3) c=n 4
a#

N

——— = 2

E([Wy(a, 5) = Wa(a, B)[) =O(n~4)




Leveraging smoothness in high dimension?

Vv — —1/2
(fi:o;, 3ﬂ) with d derivatives < E|W — W| < C(d)n
’ Complexity O(n?)




Leveraging smoothness in high dimension?

Vv — ~1/2
(92, 35) with d derivatives < E|W — W| < C(d)n
’ Complexity O(n?)

W, (a4, B) is a bad proxy for Wo (G, x &, G, *B) e

tk = 2 — .
—
1 —



Leveraging smoothness in high dimension?

Vv — ~1/2
(92, 3ﬂ) with d derivatives < E|W — W| < C(d)n
’ Complexity O(n?)

W, (a, B) is a bad proxy for Wy (G x &, G, *B) e

tw o o — .
éﬁ k/f*
..,//‘0 *:-T""";/f,
W, (&, ) Wa(Ge x &, Ge % )

Recent breakthrough: |[Vacher, Muzellec, Rudi, Bach, Vialard, 2021]
— SDP programming.
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 Generative Model Fitting



Density Fitting and Generative Models

. def.
Observations: § = LY " 0y,

Parametric model: 0 — ay



Density Fitting and Generative Models

Qg
. . pdet. 1 o o3
Observations: § = =) ., 0z, N ve® I
o) = "o ® S .‘
. o
Parametric model: 0 — oy ® o o

Density fitting: dag(x) = pg(x)dx

: n—+00 Maximum
Yo _Zi:log(p‘)(:”i)) — KLBleo)  pylinood (MLE)



Density Fitting and Generative Models

e n Oé@ T
Observations: = L3 4, °° ﬁ. .
‘6’ PR "y ® S .'
Parametric model: 0 — oy * o o
o
Density fitting: dag(x) = pg(x)dx
: n—+00 Maximum
e T Zi:log(pe(m) — KLBleo)  pylinood (MLE)
Generative model fit: oy = gg 4C
KL(B|ap) = 400 9/9 N Qo B
— MLE undefined. ¢ / — /‘
— Need a weaker metric. N
min ng(ozg, B) = X %o S .;.O.ﬁ

0



Deep Discriminative vs Generative Models

, de(z) = p(Ex (... p(&2(p(&a(z) .. .)
Deep networks: < (2) = p(0k (... p(Ba(p(61(2) . ..

P
.QEJ f11052 0 D 91:092 -
A= — © = —
= = 2 -
3 ez 5 7 L=
5 XL ] | T

dg ge
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Deep D
Deep networks:




Training Architecture

min £(0) = W, _(ag, B)

0 &,p

Stochastic gradient descent
0« 0 —TVE(®D)
é(@) = Wi,p(% Zz 599(21')7 ﬁ)




Training Architecture

min £(0) = W, _(ag, B)

0 &,p

Stochastic gradient descent
0« 0 —TVE(®D)
é(@) = Wi,p(% Zz 599(21')7 ﬁ)

randn <(C 5 K)b, a>
(92 C — K
— 0, -
s :
p S \4 v
. B4 - xXnK xmK "
' .o ~ — b
o ] - £ ]]_ —_— — 1/
: e 8| B b e
= SR > ‘ b a £(0)
Generative model 4:’; =l
Q, =
S

Sinkhorn, £ =0,...,L —1




Automatic Differentiation

Setup: &£ : R" — R computable in K operations.
1

L/

B function y = E (x)

— L2 a = xilx

—— | b = rho(a)

= z = xi2*b

- — i y = 1/2*norm(z-u)~2

— U

T Hypothesis: elementary operations (a X b,log(a),+/a ...
yp y Op g

and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?



Automatic Differentiation

Setup: &£ : R" — R computable in K operations.
1

AN/

function y = E (x)

2 %” . ”2 a = xil*x
——] b = rho(a)
i z = xi2*Db
N | y = 1/2*norm(z-u)*2
§ U
T Hypothesis: elementary operations (a X b,log(a),+/a ...
yp y Op g

and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?

VEWO) = —(E(0+¢€d) —E(0),...E£(0+¢eb,) —E0))

K(n + 1) operations, intractable for large n.

1
Finite differences: c



Automatic Differentiation

Setup: &£ : R" — R computable in K operations.
1

L/

== B function y = E (x) function dx = nablakE (x)
ﬁ %” . ”2 a = xil*x dz = z-
% b = rho(a) db = xi2’ *dz
—— z = xi2*b da = diag(dphi(a)) * db
K L y = 1/2*norm(z-u)*2 dx = xil’ *da
| (%

X Hypothesis: elementary operations (a X b,log(a),/a ...)

and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?

VEWO)~ —(E(O0+¢eb1) —E(0),...£(0+¢cb,) —E(9))

K(n + 1) operations, intractable for large n.

1
Finite differences: c

Theorem: there is an algorithm to compute V&
in O(K') operations. [Seppo Linnainmaa, 1970]

This algorithm is reverse mode automatic differentiation




Examples of Images Generation
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Examples of Images Generation
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— Need to learn the metric d(z,

— Influence of €7
— Performance evaluation of generative models is an open problem.
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Progressive Growing of GANs for Improved m “f/al/ke”/ \
Quality, Stability, and Variation L\ 7
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Jaakko Lehtinen, ICLR 2018
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Open Problems
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Toward high-dimensional OT:
— Scalable geometrical loss functions in high d1men81on7

— Performance quality measures for unsupervised learning?



Open Problems
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— Performance quality measures for unsupervised learning?

Metric learning for OT:

— Adversarial training to
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leverage multi scale priors® 2 g g
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Open Problems
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e ]
Toward high-dimensional OT: o
Xy 2 4

— Scalable geometrical loss functions in high dimension?

— Performance quality measures for unsupervised learning?

Metric learning for OT:

— Adversarial training to
leverage multi scale priors? 2 e de

Beyond comparing measures:

— Learning for surfaces, graphs, metric spaces?’

— Using Gromov-Wasserstein geometry?



