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Overview

• Dual Problem


• W1


• Semi-discrete Problem


• Optimal Quantization



Discrete Dual Problem

Wc(a,b) = min
P2Rn⇥m

+

�
hC, Pi : P1 = a,P>1 = b
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Discrete Dual Problem

= min
P2Rn⇥m

+

max
f2Rn,g2Rm

hC, Pi+ hf, a�P1i+ hg, b�P>1i
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Discrete Dual Problem

= max
f2Rn,g2Rm

hf, ai+ hg, bi+ min
P2Rn⇥m

+

hC, Pi � hf, P1i � hg, P>1i
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<latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit>

Theorem:
<latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit>

= max
f2Rn,g2Rm

hf, ai+ hg, bi+min
P>0

hC� (f1> + 1g>), Pi
<latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="4Y7S44SLIo2HGsR8wtf6hisGAxQ="></latexit><latexit sha1_base64="0tYkoTd142e6pirWKhMcGQhwvXE="></latexit><latexit sha1_base64="0tYkoTd142e6pirWKhMcGQhwvXE="></latexit><latexit sha1_base64="2DUe0KiJU8sbZiSAj/AV4OJVq/c="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit>

min
P>0

hQ, Pi =
⇢

0 if Q > 0,
�1 otherwise.

<latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit>



Discrete Dual Problem

{(i, j) : Pi,j 6= 0} ⇢ {(i, j) : fi + gj = Ci,j}
<latexit sha1_base64="qf4EXUdjyDFEn7y7mnX9j+dRGls="></latexit><latexit sha1_base64="qf4EXUdjyDFEn7y7mnX9j+dRGls="></latexit><latexit sha1_base64="qf4EXUdjyDFEn7y7mnX9j+dRGls="></latexit><latexit sha1_base64="qf4EXUdjyDFEn7y7mnX9j+dRGls="></latexit><latexit sha1_base64="qf4EXUdjyDFEn7y7mnX9j+dRGls="></latexit>

Primal-dual relations:
<latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit>

= max
f2Rn,g2Rm

hf, ai+ hg, bi+ min
P2Rn⇥m

+

hC, Pi � hf, P1i � hg, P>1i
<latexit sha1_base64="xD9q06rTZjW94zgCM8TF494RYlA="></latexit><latexit sha1_base64="xD9q06rTZjW94zgCM8TF494RYlA="></latexit><latexit sha1_base64="xD9q06rTZjW94zgCM8TF494RYlA="></latexit><latexit sha1_base64="xD9q06rTZjW94zgCM8TF494RYlA="></latexit><latexit sha1_base64="xD9q06rTZjW94zgCM8TF494RYlA="></latexit>

= min
P2Rn⇥m

+

max
f2Rn,g2Rm

hC, Pi+ hf, a�P1i+ hg, b�P>1i
<latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="4Y7S44SLIo2HGsR8wtf6hisGAxQ="></latexit><latexit sha1_base64="ArAP4pFqCC7ehj4ZFosmugbsUgQ="></latexit><latexit sha1_base64="ArAP4pFqCC7ehj4ZFosmugbsUgQ="></latexit><latexit sha1_base64="byX1JLQtzlA4jBFjTdVykmGvJhM="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit><latexit sha1_base64="uwFODPNe8xlixV6yPyT2R7XByQ4="></latexit>

Wc(a,b) = min
P2Rn⇥m

+

�
hC, Pi : P1 = a,P>1 = b

 

<latexit sha1_base64="k31DWOUFIeDNkCyXKSkoKxf19Uc=">AABE7HictVxfcxPJER8uuctB/nHJY16W+EhBziE2IZVUrqg6sIzx4QOBZMMdApdWWosFSSu0K2HQ6VvkLZXXfIB8gXyLVOUbJE/5AnlIT/fMzqw0uz3rELZsz87Or7und6anu2eWcDKM02xr6x/nPvjOdz/86Hsfn7/w/R/88Ec/vvjJT47SZDbtRYe9ZJhMn4TdNBrG4+gwi7Nh9GQyjbqjcBg9Dl/tyOeP59E0jZNxO3s7iZ6NuoNxfBL3uhlUHV+cdLLoNFs8Xh73rnS6m53wanAz6FyCazaKx4tOM+jE46Dz6NHxZ88XUMjiUZQGo+Uy6ET </latexit><latexit sha1_base64="k31DWOUFIeDNkCyXKSkoKxf19Uc=">AABE7HictVxfcxPJER8uuctB/nHJY16W+EhBziE2IZVUrqg6sIzx4QOBZMMdApdWWosFSSu0K2HQ6VvkLZXXfIB8gXyLVOUbJE/5AnlIT/fMzqw0uz3rELZsz87Or7und6anu2eWcDKM02xr6x/nPvjOdz/86Hsfn7/w/R/88Ec/vvjJT47SZDbtRYe9ZJhMn4TdNBrG4+gwi7Nh9GQyjbqjcBg9Dl/tyOeP59E0jZNxO3s7iZ6NuoNxfBL3uhlUHV+cdLLoNFs8Xh73rnS6m53wanAz6FyCazaKx4tOM+jE46Dz6NHxZ88XUMjiUZQGo+Uy6ET </latexit><latexit sha1_base64="k31DWOUFIeDNkCyXKSkoKxf19Uc=">AABE7HictVxfcxPJER8uuctB/nHJY16W+EhBziE2IZVUrqg6sIzx4QOBZMMdApdWWosFSSu0K2HQ6VvkLZXXfIB8gXyLVOUbJE/5AnlIT/fMzqw0uz3rELZsz87Or7und6anu2eWcDKM02xr6x/nPvjOdz/86Hsfn7/w/R/88Ec/vvjJT47SZDbtRYe9ZJhMn4TdNBrG4+gwi7Nh9GQyjbqjcBg9Dl/tyOeP59E0jZNxO3s7iZ6NuoNxfBL3uhlUHV+cdLLoNFs8Xh73rnS6m53wanAz6FyCazaKx4tOM+jE46Dz6NHxZ88XUMjiUZQGo+Uy6ET </latexit><latexit sha1_base64="k31DWOUFIeDNkCyXKSkoKxf19Uc="></latexit><latexit sha1_base64="k31DWOUFIeDNkCyXKSkoKxf19Uc="></latexit>

Wc(a,b) = max
f2Rn,g2Rm

{hf, ai+ hg, bi : f� g 6 C}
<latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit><latexit sha1_base64="Fp8/Bm1WtGlj/5Jnfy4FKEwyHbE="></latexit>

Theorem:
<latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit>

= max
f2Rn,g2Rm

hf, ai+ hg, bi+min
P>0

hC� (f1> + 1g>), Pi
<latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="4Y7S44SLIo2HGsR8wtf6hisGAxQ="></latexit><latexit sha1_base64="0tYkoTd142e6pirWKhMcGQhwvXE="></latexit><latexit sha1_base64="0tYkoTd142e6pirWKhMcGQhwvXE="></latexit><latexit sha1_base64="2DUe0KiJU8sbZiSAj/AV4OJVq/c="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit><latexit sha1_base64="11/iPaErBp8ZuhBE64qxpX1gyqM="></latexit>

min
P>0

hQ, Pi =
⇢

0 if Q > 0,
�1 otherwise.

<latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit><latexit sha1_base64="gtKgeO7QfEnf0J5RBfowgJdusyE="></latexit>



Continuous Dual Problem

hf, ↵i def.
=

Z

X
f(x)d↵(x)

<latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit>

↵ =
P

i ai�xi
<latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit>

f = (f(xi))i
<latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit>

hf, ai def.
=

P
i fiai

<latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit>

Wc(↵,�) = min
⇡2M+(X⇥Y)

{hc, ⇡i : ⇡1 = ↵,⇡2 = �}
<latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit>



Continuous Dual Problem

hf, ↵i def.
=

Z

X
f(x)d↵(x)

<latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit>

↵ =
P

i ai�xi
<latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit>

f = (f(xi))i
<latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit>

hf, ai def.
=

P
i fiai

<latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit>

Theorem:
<latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="> </latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="> </latexit>

Wc(↵,�) = max
f2C(X ),g2C(Y)

{hf, ↵i+ hg, �i : f � g 6 c}
<latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit>

max
f2C(X ),g2C(Y)

⇢Z

X
f(x)d↵(x) +

Z

Y
g(y)d�(y) : 8(x, y), f(x) + g(y) 6 c(x, y)

�

<latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit>

Wc(↵,�) = min
⇡2M+(X⇥Y)

{hc, ⇡i : ⇡1 = ↵,⇡2 = �}
<latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit>



Continuous Dual Problem

hf, ↵i def.
=

Z

X
f(x)d↵(x)

<latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit><latexit sha1_base64="se5IX5+6njWKy85BP15PzazVNiY="></latexit>

↵ =
P

i ai�xi
<latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit><latexit sha1_base64="he7kQ98qCVO2MLGOmG/ISS/zGmM="></latexit>

f = (f(xi))i
<latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit><latexit sha1_base64="FXXrDSJSbBUCdTCgZ7J0/L8mavc="></latexit>

hf, ai def.
=

P
i fiai

<latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit><latexit sha1_base64="JiXKd22Cbax9asEhjpJf4ehSfA0="></latexit>

Theorem:
<latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="></latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="> </latexit><latexit sha1_base64="TfxVz7U9ZiSc7OyPcRoyjTWz4r8="> </latexit>

Wc(↵,�) = max
f2C(X ),g2C(Y)

{hf, ↵i+ hg, �i : f � g 6 c}
<latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit><latexit sha1_base64="E3jWHX9+o8rZ0JMyr6h3Rb5yWoY="></latexit>

max
f2C(X ),g2C(Y)

⇢Z

X
f(x)d↵(x) +

Z

Y
g(y)d�(y) : 8(x, y), f(x) + g(y) 6 c(x, y)

�

<latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit><latexit sha1_base64="ioY1VH35aruLw9CJavGGunxImrM="></latexit>

Primal-dual relations:
<latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit><latexit sha1_base64="mXT9YhX8L7lf5BdFBO1oNpSQe30="></latexit>

Supp(⇡) ⇢ {(x, y) : f(x) + g(y) = c(x, y)}
<latexit sha1_base64="nzASZzpiRsRLIdmTT6Xw0HmSqTQ="></latexit><latexit sha1_base64="nzASZzpiRsRLIdmTT6Xw0HmSqTQ="></latexit><latexit sha1_base64="nzASZzpiRsRLIdmTT6Xw0HmSqTQ="></latexit><latexit sha1_base64="nzASZzpiRsRLIdmTT6Xw0HmSqTQ="></latexit><latexit sha1_base64="nzASZzpiRsRLIdmTT6Xw0HmSqTQ="></latexit>

Wc(↵,�) = min
⇡2M+(X⇥Y)

{hc, ⇡i : ⇡1 = ↵,⇡2 = �}
<latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit><latexit sha1_base64="nYM/jZlh7URYT91c/XWPuQEUEDg="></latexit>



C-transforms
Fixing f , solve the dual with respect to g:

<latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8(x, y), f(x) + g(y) 6 c(x, y)

�

<latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8y, g(y) 6 min

x
c(x, y)� f(x)

�

<latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit>



C-transforms
Fixing f , solve the dual with respect to g:

<latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8(x, y), f(x) + g(y) 6 c(x, y)

�

<latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8y, g(y) 6 min

x
c(x, y)� f(x)

�

<latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit>

c-transforms:
<latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit>

f c(y)
def.
= min

x2X
c(x, y)� f(x)

<latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit>

gc(x)
def.
= min

y2Y
c(x, y)� g(y)

<latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="phYecYDG9OATrkeRnQ8w3nczh0s="></latexit><latexit sha1_base64="phYecYDG9OATrkeRnQ8w3nczh0s="></latexit><latexit sha1_base64="waYGJQvNFeOv5NRVESbJGIAmMEY="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit>



C-transforms
Fixing f , solve the dual with respect to g:

<latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8(x, y), f(x) + g(y) 6 c(x, y)

�

<latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8y, g(y) 6 min

x
c(x, y)� f(x)

�

<latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit>

Proposition: The dual solution on g is equal ↵-a.e to f c.
<latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit>

c-transforms:
<latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit>

f c(y)
def.
= min

x2X
c(x, y)� f(x)

<latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit>

gc(x)
def.
= min

y2Y
c(x, y)� g(y)

<latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="phYecYDG9OATrkeRnQ8w3nczh0s="></latexit><latexit sha1_base64="phYecYDG9OATrkeRnQ8w3nczh0s="></latexit><latexit sha1_base64="waYGJQvNFeOv5NRVESbJGIAmMEY="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit>



C-transforms
Fixing f , solve the dual with respect to g:

<latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit><latexit sha1_base64="izjhNSpYSgi9QeTHRhVJz7BqTyg="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8(x, y), f(x) + g(y) 6 c(x, y)

�

<latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit><latexit sha1_base64="Ctw3wt9QBMWIGiay2Uv+mTIA6qs="></latexit>

max
g2C(Y)

⇢Z

Y
g(y)d�(y) : 8y, g(y) 6 min

x
c(x, y)� f(x)

�

<latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit><latexit sha1_base64="ZGTgY0mCI1VHMWp5n15yAAny+Lk="></latexit>

Proposition: The dual solution on g is equal ↵-a.e to f c.
<latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit><latexit sha1_base64="yF4j1feOPivb9/Uc6cOlb/luwYo="></latexit>

Cost c(x, y) = �hx, yi:
<latexit sha1_base64="d3MUupMBdnsaToVWiwcGUml4bzA="></latexit><latexit sha1_base64="d3MUupMBdnsaToVWiwcGUml4bzA="></latexit><latexit sha1_base64="d3MUupMBdnsaToVWiwcGUml4bzA="></latexit><latexit sha1_base64="d3MUupMBdnsaToVWiwcGUml4bzA=">AABF1nictVzdcxPJER8uXwf54pLHvGzOcAUpH7GdSyV1V1d1YBvwIcAg2XAgoPSxFgJZK7SSsNEpb6m85CF/S16Tqvwd+Q+Sp/wL6Y+ZnVlpdnvWIWzZnp2dX3dP70xPd88s7dGgn042Nv557oPvfPd73//Bh+cv/PBHP/7JTy9+9LPDNJmOO/FBJxkk48ftVhoP+sP4YNKfDOLHo3HcOm4P4kft19v4/NEsHqf9ZNiYnI7iZ8 </latexit><latexit sha1_base64="d3MUupMBdnsaToVWiwcGUml4bzA=">AABF1nictVzdcxPJER8uXwf54pLHvGzOcAUpH7GdSyV1V1d1YBvwIcAg2XAgoPSxFgJZK7SSsNEpb6m85CF/S16Tqvwd+Q+Sp/wL6Y+ZnVlpdnvWIWzZnp2dX3dP70xPd88s7dGgn042Nv557oPvfPd73//Bh+cv/PBHP/7JTy9+9LPDNJmOO/FBJxkk48ftVhoP+sP4YNKfDOLHo3HcOm4P4kft19v4/NEsHqf9ZNiYnI7iZ8 </latexit> R

||x� y||2d⇡(x, y) = �2
R
hx, yid⇡(x, y) +

R
||x||2d↵(x) +

R
||y||2d�(y)

<latexit sha1_base64="LoYe+TfidzNQeVPP10CLkm2g0Lo="></latexit><latexit sha1_base64="LoYe+TfidzNQeVPP10CLkm2g0Lo="></latexit><latexit sha1_base64="LoYe+TfidzNQeVPP10CLkm2g0Lo="></latexit><latexit sha1_base64="LoYe+TfidzNQeVPP10CLkm2g0Lo="></latexit><latexit sha1_base64="LoYe+TfidzNQeVPP10CLkm2g0Lo="></latexit>

constant
<latexit sha1_base64="LITcHppOJEetPxXEg2XTP6X0/cQ="></latexit><latexit sha1_base64="LITcHppOJEetPxXEg2XTP6X0/cQ="></latexit><latexit sha1_base64="LITcHppOJEetPxXEg2XTP6X0/cQ="></latexit><latexit sha1_base64="LITcHppOJEetPxXEg2XTP6X0/cQ="></latexit><latexit sha1_base64="LITcHppOJEetPxXEg2XTP6X0/cQ="></latexit>

f c = �(�f)⇤ where h⇤(y)
def.
= sup

x
hx, yi � f(x)

<latexit sha1_base64="POJ1GyFmEZc5WQSCIO60wMRTXSQ="></latexit><latexit sha1_base64="POJ1GyFmEZc5WQSCIO60wMRTXSQ="></latexit><latexit sha1_base64="POJ1GyFmEZc5WQSCIO60wMRTXSQ="></latexit><latexit sha1_base64="POJ1GyFmEZc5WQSCIO60wMRTXSQ="></latexit><latexit sha1_base64="POJ1GyFmEZc5WQSCIO60wMRTXSQ="></latexit>

c-transforms:
<latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit><latexit sha1_base64="MfOSG0H1zC908wGVnhR7iHa9zI8="></latexit>

f c(y)
def.
= min

x2X
c(x, y)� f(x)

<latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit><latexit sha1_base64="KTePQAfBrlkXL99fiykWcKDj/c4="></latexit>

gc(x)
def.
= min

y2Y
c(x, y)� g(y)

<latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="phYecYDG9OATrkeRnQ8w3nczh0s="></latexit><latexit sha1_base64="phYecYDG9OATrkeRnQ8w3nczh0s="></latexit><latexit sha1_base64="waYGJQvNFeOv5NRVESbJGIAmMEY="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit><latexit sha1_base64="3IayeVrxeUqGOQjdG/EPNClsztc="></latexit>



Overview

• Dual Problem


• W1


• Semi-discrete Problem


• Optimal Quantization



Alternate Minimization and W1

(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>



Alternate Minimization and W1

(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>

7�! (f cc, f c) 7�! (f cc, f ccc)
<latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit>
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(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>

7�! (f cc, f c) 7�! (f cc, f ccc)
<latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit>

= (f cc, f c)
<latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit>

Proposition: f ccc = f c.
<latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit>



Alternate Minimization and W1

W1 case: c(x, y) = d(x, y)
<latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit>

Proposition:
<latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit>

9f s.t. g = f c () g is 1-Lipschitz.
<latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit>

f cc = �f c
<latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit>

(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>

7�! (f cc, f c) 7�! (f cc, f ccc)
<latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit>

= (f cc, f c)
<latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit>

Proposition: f ccc = f c.
<latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit>



Alternate Minimization and W1

W1 case: c(x, y) = d(x, y)
<latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit>

Proposition:
<latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit>

9f s.t. g = f c () g is 1-Lipschitz.
<latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit>

f cc = �f c
<latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit>

W1(↵,�) = max
f,g

{hf, ↵i+ hg, �i : f � g 6 c}
<latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="Bujg8kmuVeYnd+/6GW541x0qSjs="></latexit><latexit sha1_base64="Bujg8kmuVeYnd+/6GW541x0qSjs="></latexit><latexit sha1_base64="xA9PrAhpJBYKvc6BJQ6CaLCtj60="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit>

= max
f

hf, ↵i+ hf c, �i
<latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit>

(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>

7�! (f cc, f c) 7�! (f cc, f ccc)
<latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit>

= (f cc, f c)
<latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit>

Proposition: f ccc = f c.
<latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit>



Alternate Minimization and W1

W1 case: c(x, y) = d(x, y)
<latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit>

Proposition:
<latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit>

9f s.t. g = f c () g is 1-Lipschitz.
<latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit>

f cc = �f c
<latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit>

W1(↵,�) = max
f,g

{hf, ↵i+ hg, �i : f � g 6 c}
<latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="Bujg8kmuVeYnd+/6GW541x0qSjs="></latexit><latexit sha1_base64="Bujg8kmuVeYnd+/6GW541x0qSjs="></latexit><latexit sha1_base64="xA9PrAhpJBYKvc6BJQ6CaLCtj60="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit>

= max
f

hf, ↵i+ hf c, �i
<latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit>

= max
f

hf c, � � ↵i
<latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit>

(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>

7�! (f cc, f c) 7�! (f cc, f ccc)
<latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit>

= (f cc, f c)
<latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit>

Proposition: f ccc = f c.
<latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit>



Alternate Minimization and W1

W1 case: c(x, y) = d(x, y)
<latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg="></latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit><latexit sha1_base64="3pLz5EsNOhKHqOGj1+2u5vKJpHg=">AABFmnictVzbchu5EYU3t7Vz8yaPycNkJafslKKVlE0ltVtbtdbFslayLZuU7LVpq4bkiKZNcWjeLJurH8jX5DV5yXfkD5Kn/EL6AgwwJGYaoziakogBcbobPUCju4FRc9DrjsZra/+88tH3vv+DH/7o46vXfvyTn/7s59c/+cXxKJ0MW8lRK+2lwyfNeJT0uv3kaNwd95Ing2ESnzV7yePm6y38/vE0GY66ab8+fjdInp/FnX </latexit>

Proposition:
<latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit><latexit sha1_base64="/g1rrPKuJaU0YV3ASj/5Gw4Vt2Y="></latexit>

9f s.t. g = f c () g is 1-Lipschitz.
<latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit><latexit sha1_base64="c75+5GfYei81PRvPg7r39TJHnEs="></latexit>

f cc = �f c
<latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit><latexit sha1_base64="mY32wCfwVAJhi6zl4+SGhjoLqv4="></latexit>

W1(↵,�) = max
f,g

{hf, ↵i+ hg, �i : f � g 6 c}
<latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="Bujg8kmuVeYnd+/6GW541x0qSjs="></latexit><latexit sha1_base64="Bujg8kmuVeYnd+/6GW541x0qSjs="></latexit><latexit sha1_base64="xA9PrAhpJBYKvc6BJQ6CaLCtj60="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit><latexit sha1_base64="0sTxDRr6szhd/uQj/2Nsw8M7qCc="></latexit>

= max
f

hf, ↵i+ hf c, �i
<latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit><latexit sha1_base64="ic+EJJkilNva+gXX7zKFsb+pVEk="></latexit>

= max
f

hf c, � � ↵i
<latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit><latexit sha1_base64="UlA+HDcgwd1cLazasVHhkEBuJNw="></latexit>

= max
Lip(f)61

hf, ↵� �i = ||↵� �||W1
<latexit sha1_base64="oUuovIDMJPxVpUct3HPWezF+Csg="></latexit><latexit sha1_base64="oUuovIDMJPxVpUct3HPWezF+Csg="></latexit><latexit sha1_base64="oUuovIDMJPxVpUct3HPWezF+Csg="></latexit><latexit sha1_base64="oUuovIDMJPxVpUct3HPWezF+Csg="></latexit><latexit sha1_base64="oUuovIDMJPxVpUct3HPWezF+Csg="></latexit>

(f, g) 7�! (f, f c)
<latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit><latexit sha1_base64="2SxZEYL5yk2jBr7j7X7cufh6P9A="></latexit>

7�! (f cc, f c) 7�! (f cc, f ccc)
<latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit><latexit sha1_base64="5zaiCLpYcBHfl0Q8mLdcDohkBmY="></latexit>

= (f cc, f c)
<latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit><latexit sha1_base64="5f50aKJRcgV4L/4RPQpP5LnOUlY="></latexit>

Proposition: f ccc = f c.
<latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit><latexit sha1_base64="65yRMG6IZIUHzBEPLyfndXhvqPA="></latexit>



Euclidean and Graphs W1

Case d(x, y) = ||x� y||:
<latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit>

||↵� �||W1 = max
||rf(x)||161

hf, ↵� �i = min
div(u)=↵��

Z
||u(x)||dx

<latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit>



Euclidean and Graphs W1

Case d(x, y) = ||x� y||:
<latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit><latexit sha1_base64="jFQHQr6/IwFJ5kA2P7JfL9IvbFs="></latexit>

6.3. W1 on a Graph 477

f (a, b) and s

Figure 6.1: Example of computation of W1(a, b) on a planar graph with uniform
weights wi,j = 1. Left: potential f solution of (6.5) (increasing value from red to
blue). The green color of the edges is proportional to |(Òf)i,j |. Right: flow s solution
of (6.6), where bold black edges display nonzero si,j , which saturate to wi,j = 1.
These saturating flow edge on the right match the light green edge on the left where
|(Òf)i,j | = 1.

a
<latexit sha1_base64="TmQPkrslXlsOBrB5v7QQ49U58Cs="></latexit><latexit sha1_base64="TmQPkrslXlsOBrB5v7QQ49U58Cs="></latexit><latexit sha1_base64="TmQPkrslXlsOBrB5v7QQ49U58Cs="></latexit><latexit sha1_base64="TmQPkrslXlsOBrB5v7QQ49U58Cs=">AABEfHictVzrdhPJEW42t4Xc2ORn/szGkMMmLLEJuZzsyTkLtjFevGCQDOwi4GikkRCMNUIjiYvWb5C/yYPkBfIceYPkV94gJ3Xpnu6ReqZ6HMIc2z09/VVV13RXV1X3EE/SUT7b3PzHmQ++9e3vfPd7H5499/0f/PBHPz7/0U8e5Nl82kuOelmaTR/F3TxJR+PkaDaapcmjyTTpHsdp8jB+uY3PHy6SaT7Kxu3Z20ny5Lg7HI </latexit><latexit sha1_base64="TmQPkrslXlsOBrB5v7QQ49U58Cs=">AABEfHictVzrdhPJEW42t4Xc2ORn/szGkMMmLLEJuZzsyTkLtjFevGCQDOwi4GikkRCMNUIjiYvWb5C/yYPkBfIceYPkV94gJ3Xpnu6ReqZ6HMIc2z09/VVV13RXV1X3EE/SUT7b3PzHmQ++9e3vfPd7H5499/0f/PBHPz7/0U8e5Nl82kuOelmaTR/F3TxJR+PkaDaapcmjyTTpHsdp8jB+uY3PHy6SaT7Kxu3Z20ny5Lg7HI </latexit>

b
<latexit sha1_base64="aMKb+5GLf2cHG/tl5ocfG1n5S3c="></latexit><latexit sha1_base64="aMKb+5GLf2cHG/tl5ocfG1n5S3c="></latexit><latexit sha1_base64="aMKb+5GLf2cHG/tl5ocfG1n5S3c="></latexit><latexit sha1_base64="aMKb+5GLf2cHG/tl5ocfG1n5S3c="></latexit><latexit sha1_base64="aMKb+5GLf2cHG/tl5ocfG1n5S3c="></latexit>

u
<latexit sha1_base64="kKsRB02YTw9DUxyij+K8EDVU9ms="></latexit><latexit sha1_base64="kKsRB02YTw9DUxyij+K8EDVU9ms="></latexit><latexit sha1_base64="kKsRB02YTw9DUxyij+K8EDVU9ms="></latexit><latexit sha1_base64="kKsRB02YTw9DUxyij+K8EDVU9ms="></latexit><latexit sha1_base64="kKsRB02YTw9DUxyij+K8EDVU9ms="></latexit>

6.3. W1 on a Graph 477

f (a, b) and s

Figure 6.1: Example of computation of W1(a, b) on a planar graph with uniform
weights wi,j = 1. Left: potential f solution of (6.5) (increasing value from red to
blue). The green color of the edges is proportional to |(Òf)i,j |. Right: flow s solution
of (6.6), where bold black edges display nonzero si,j , which saturate to wi,j = 1.
These saturating flow edge on the right match the light green edge on the left where
|(Òf)i,j | = 1.

f
<latexit sha1_base64="9RW90829D/kvk26xc2Tefofsmz0="></latexit><latexit sha1_base64="9RW90829D/kvk26xc2Tefofsmz0="></latexit><latexit sha1_base64="9RW90829D/kvk26xc2Tefofsmz0="></latexit><latexit sha1_base64="9RW90829D/kvk26xc2Tefofsmz0="></latexit><latexit sha1_base64="9RW90829D/kvk26xc2Tefofsmz0="></latexit> f

<latexit sha1_base64="RBbhndjsEQuzkfARlGNdtRJku5w="></latexit><latexit sha1_base64="RBbhndjsEQuzkfARlGNdtRJku5w="></latexit><latexit sha1_base64="RBbhndjsEQuzkfARlGNdtRJku5w="></latexit><latexit sha1_base64="RBbhndjsEQuzkfARlGNdtRJku5w="></latexit><latexit sha1_base64="RBbhndjsEQuzkfARlGNdtRJku5w="></latexit>

large
<latexit sha1_base64="qG/wRfWN3Kq713/MxREIhLK3v8I="></latexit><latexit sha1_base64="qG/wRfWN3Kq713/MxREIhLK3v8I="></latexit><latexit sha1_base64="qG/wRfWN3Kq713/MxREIhLK3v8I="></latexit><latexit sha1_base64="qG/wRfWN3Kq713/MxREIhLK3v8I="></latexit><latexit sha1_base64="qG/wRfWN3Kq713/MxREIhLK3v8I="></latexit>

small
<latexit sha1_base64="qVX6Kt43euI5u+hlyJFyW0m62Pg="></latexit><latexit sha1_base64="qVX6Kt43euI5u+hlyJFyW0m62Pg="></latexit><latexit sha1_base64="qVX6Kt43euI5u+hlyJFyW0m62Pg="></latexit><latexit sha1_base64="qVX6Kt43euI5u+hlyJFyW0m62Pg="></latexit><latexit sha1_base64="qVX6Kt43euI5u+hlyJFyW0m62Pg="></latexit>

zero
<latexit sha1_base64="b/yGGBe8C8U3U5IIJ8PvEWJ4qrw="></latexit><latexit sha1_base64="b/yGGBe8C8U3U5IIJ8PvEWJ4qrw="></latexit><latexit sha1_base64="b/yGGBe8C8U3U5IIJ8PvEWJ4qrw="></latexit><latexit sha1_base64="b/yGGBe8C8U3U5IIJ8PvEWJ4qrw="></latexit><latexit sha1_base64="b/yGGBe8C8U3U5IIJ8PvEWJ4qrw="></latexit>

f
<latexit sha1_base64="KCbzJ/J6Occnk1N7AEcA+A83loU="></latexit><latexit sha1_base64="KCbzJ/J6Occnk1N7AEcA+A83loU="></latexit><latexit sha1_base64="KCbzJ/J6Occnk1N7AEcA+A83loU="></latexit><latexit sha1_base64="KCbzJ/J6Occnk1N7AEcA+A83loU="></latexit><latexit sha1_base64="KCbzJ/J6Occnk1N7AEcA+A83loU="></latexit>

On graph: d(x, y) = Geodw(x, y)
<latexit sha1_base64="ILnhvgzo0zRjZrr6kQx4yM73CEw="></latexit><latexit sha1_base64="ILnhvgzo0zRjZrr6kQx4yM73CEw="></latexit><latexit sha1_base64="ILnhvgzo0zRjZrr6kQx4yM73CEw="></latexit><latexit sha1_base64="ILnhvgzo0zRjZrr6kQx4yM73CEw="></latexit><latexit sha1_base64="ILnhvgzo0zRjZrr6kQx4yM73CEw="></latexit>

||a� b||W1 = max
|ri,jf|61

hf, a� bi = min
div(u)=a�b

P
i,j wi,j |ui,j |

<latexit sha1_base64="gjD87KdevcxjdWiIBEx1DQ5Xpvc="></latexit><latexit sha1_base64="gjD87KdevcxjdWiIBEx1DQ5Xpvc="></latexit><latexit sha1_base64="gjD87KdevcxjdWiIBEx1DQ5Xpvc="></latexit><latexit sha1_base64="gjD87KdevcxjdWiIBEx1DQ5Xpvc="></latexit><latexit sha1_base64="gjD87KdevcxjdWiIBEx1DQ5Xpvc="></latexit>

ri,jf
def.
= w�1

i,j (fi � fj)
<latexit sha1_base64="HDPzZEWPrdkQdIIkLRrM8y8/tqE="></latexit><latexit sha1_base64="HDPzZEWPrdkQdIIkLRrM8y8/tqE="></latexit><latexit sha1_base64="HDPzZEWPrdkQdIIkLRrM8y8/tqE="></latexit><latexit sha1_base64="HDPzZEWPrdkQdIIkLRrM8y8/tqE="></latexit><latexit sha1_base64="HDPzZEWPrdkQdIIkLRrM8y8/tqE="></latexit>

||↵� �||W1 = max
||rf(x)||161

hf, ↵� �i = min
div(u)=↵��

Z
||u(x)||dx

<latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit><latexit sha1_base64="iNm0z03jChz/zIs/Ly7Tt53s2kY="></latexit>



W1 On Surfaces
[Solomon, Rustamov, Guibas, Butscher, SIGGRAPH 2014]

<latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit>



W1 On Sub-domains
[Solomon, Rustamov, Guibas, Butscher, SIGGRAPH 2014]

<latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit><latexit sha1_base64="MGhvhYvfqtjG2SFjcMWKXcEsOuA="></latexit>



Dual Norms

B = {f : ||f ||1 6 1}
<latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit>

B = {f : ||rf ||1 + ||f ||1 6 1}
<latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit>

B =
�
f : ||r(k)f ||2 6 1

 
<latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit>

B = {f : ||rf ||1 6 1}
<latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit>

Total variation
<latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit>

W1
<latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit>

Flat norm (unbalanced)
<latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit>

Sobolev Ḣ
�k

<latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit>

B = {neural networks}
<latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit>

?? (Non-convex)
<latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit>

(k > d
2 )

<latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit>

||↵� �||B
def.
= sup

f2B

R
f(x)d(↵� �)(x)

<latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit>



Dual Norms

B = {f : ||f ||1 6 1}
<latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit><latexit sha1_base64="NmAsaDErDGxzWvWWqgRWjqKgguM="></latexit>

B = {f : ||rf ||1 + ||f ||1 6 1}
<latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit><latexit sha1_base64="0GX0Nk7SG8gAydNAoKuOXKqCjbQ="></latexit>

B =
�
f : ||r(k)f ||2 6 1

 
<latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit><latexit sha1_base64="lNyxb20jc4nRcu+aoqnfvDsigfM="></latexit>

B = {f : ||rf ||1 6 1}
<latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit><latexit sha1_base64="pBLWBqUl999wOztrgg/zEKMH/LU="></latexit>

Total variation
<latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit><latexit sha1_base64="gShfEed9Gh29ZiL9tzPpJky+I+M="></latexit>

W1
<latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit><latexit sha1_base64="giaDidOqZCMPaJRXxYilcu8wVc4="></latexit>

Flat norm (unbalanced)
<latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit><latexit sha1_base64="l8yjZbAhZEFLHoc+OI9FTBM/EJ8="></latexit>

Sobolev Ḣ
�k

<latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit><latexit sha1_base64="dO2o0aBrGVVWO8kZh014k3uboSw="></latexit>

B = {neural networks}
<latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit><latexit sha1_base64="daeZSqjyykEm2EUuswlOxpzzW8I="></latexit>

?? (Non-convex)
<latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit><latexit sha1_base64="R9OfLxXBa5Yo+C9fQpttxAGpwpI="></latexit>

(k > d
2 )

<latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit><latexit sha1_base64="Ms4Qrm3ttoipo3NT/fT+AQSs9s8="></latexit>

||↵� �||B
def.
= sup

f2B

R
f(x)d(↵� �)(x)

<latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit><latexit sha1_base64="O57Axf1tuA1vyT6SVOjsc611Lds="></latexit>

Proposition:
<latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit>

If C(X ) ⇢ Span(B), then || · ||B is stronger than weak convergence.
<latexit sha1_base64="lH8m2xMZ0QY5ya1kkwSwV4K2cCM="> </latexit><latexit sha1_base64="lH8m2xMZ0QY5ya1kkwSwV4K2cCM="> </latexit><latexit sha1_base64="lH8m2xMZ0QY5ya1kkwSwV4K2cCM="> </latexit><latexit sha1_base64="lH8m2xMZ0QY5ya1kkwSwV4K2cCM="></latexit><latexit sha1_base64="lH8m2xMZ0QY5ya1kkwSwV4K2cCM="></latexit>

If B ⇢ C(X ) is compact, then || · ||B is weaker than weak convergence.
<latexit sha1_base64="BYbsosupU33ysJvy+voKFHWt+O8="></latexit><latexit sha1_base64="BYbsosupU33ysJvy+voKFHWt+O8="></latexit><latexit sha1_base64="BYbsosupU33ysJvy+voKFHWt+O8="></latexit><latexit sha1_base64="BYbsosupU33ysJvy+voKFHWt+O8="></latexit><latexit sha1_base64="BYbsosupU33ysJvy+voKFHWt+O8="></latexit>

|| · ||B metrizes weak convergence.
<latexit sha1_base64="6Fzlj1WopMvZOCwE7uHSXwMy0rA="></latexit><latexit sha1_base64="6Fzlj1WopMvZOCwE7uHSXwMy0rA="></latexit><latexit sha1_base64="6Fzlj1WopMvZOCwE7uHSXwMy0rA="></latexit><latexit sha1_base64="6Fzlj1WopMvZOCwE7uHSXwMy0rA="></latexit><latexit sha1_base64="6Fzlj1WopMvZOCwE7uHSXwMy0rA="></latexit>



Wasserstein GANs

⇣
g✓

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

Generative model fitting:
<latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit>

min
✓

||↵✓ � �||B
<latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="8owfVXqI8XUE+lSgoKSlEeiyXAs="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit>

x

z
<latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit>

g✓
<latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit>



Wasserstein GANs

⇣
g✓

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

Generative model fitting:
<latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit>

min
✓

||↵✓ � �||B
<latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="8owfVXqI8XUE+lSgoKSlEeiyXAs="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit>

x

z
<latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit>

g✓
<latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit>

= min
✓

sup
f2B

R
fd↵✓ � 1

m

P
j f(yj)

<latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit>



Wasserstein GANs

⇣
g✓

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

Generative model fitting:
<latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit>

min
✓

||↵✓ � �||B
<latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="8owfVXqI8XUE+lSgoKSlEeiyXAs="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit>

x

z
<latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit>

g✓
<latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit>

= min
✓

sup
f2B

R
fd↵✓ � 1

m

P
j f(yj)

<latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit>

= min
✓

sup
f2B

R
f(g✓(z))d⇣ � 1

m

P
j f(yj)

<latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit>



Wasserstein GANs

⇣
g✓

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

Generative model fitting:
<latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit>

min
✓

||↵✓ � �||B
<latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="8owfVXqI8XUE+lSgoKSlEeiyXAs="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit>

x

z
<latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit>

g✓
<latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit>

2 R
<latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit>

x
f⇠

<latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit>

= min
✓

sup
f2B

R
fd↵✓ � 1

m

P
j f(yj)

<latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit>

= min
✓

sup
f2B

R
f(g✓(z))d⇣ � 1

m

P
j f(yj)

<latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit>

{f⇠}⇠ ⇢ B
<latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="RrgZ7qoVa1hTWq+Lf8a4Bo/iOSc="></latexit><latexit sha1_base64="RrgZ7qoVa1hTWq+Lf8a4Bo/iOSc="></latexit><latexit sha1_base64="OgY91uEZtCUBqI0qGVE9o/jZQFE="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit>

6=
<latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit>

min
✓

sup
⇠

R
f⇠(g✓(z))d⇣ �

P
j f⇠(yj)

<latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit>



Wasserstein GANs

⇣
g✓

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

Generative model fitting:
<latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4="></latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit><latexit sha1_base64="IQy9YZb9VPHZFEiCSHnt16Y7tG4=">AABB5HictVxLcxu5EYY3r7Xz8ibHXCardcqb8jqSslVJZStVK0uyrLVsyyYle3dpu/gY0WMPOTSHlB9c3XPILZVrfkKuyS2/I/8gOeUvpB/AAENipjGKY5QkDIivu9EDNLoboHuTNMln6+v/vPDet779ne9+7/2Ll77/gx/+6MeXP/jJcZ7Np/34qJ+l2fRRr5vHaTKOj2bJLI0fTaZxd9RL44e9F9v4+cPTeJon2bg9ezOJH4 </latexit>

min
✓

||↵✓ � �||B
<latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="OCXGNSJpI19O37arTMue9GN2gMI="></latexit><latexit sha1_base64="8owfVXqI8XUE+lSgoKSlEeiyXAs="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit><latexit sha1_base64="Txu8eFh5nXSTjDv/7c8phl6cO70="></latexit>

x

z
<latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit><latexit sha1_base64="R/kNFg5X80Xc6I5ArLEk7oMSKC4="></latexit>

g✓
<latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit><latexit sha1_base64="w7N6FQ/LhOKDydfLs6nSQv+DBsw="></latexit>

2 R
<latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit><latexit sha1_base64="sopMMaKylxSyGwNVsLErSFxl7lo="></latexit>

x
f⇠

<latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit><latexit sha1_base64="bMb+t1YXDhEQdfetXRJXzAHGYxY="></latexit>

Weight clipping ||⇠||1 6 1.
<latexit sha1_base64="SDjuv+Hu5UVCjBN7SeyzZT/7jBM="></latexit><latexit sha1_base64="SDjuv+Hu5UVCjBN7SeyzZT/7jBM="></latexit><latexit sha1_base64="SDjuv+Hu5UVCjBN7SeyzZT/7jBM="></latexit><latexit sha1_base64="SDjuv+Hu5UVCjBN7SeyzZT/7jBM="></latexit><latexit sha1_base64="SDjuv+Hu5UVCjBN7SeyzZT/7jBM="></latexit>

Wasserstein GANs,
<latexit sha1_base64="dYd2390PtR/7Xj5Z0uUAY9Ly+sI="></latexit><latexit sha1_base64="dYd2390PtR/7Xj5Z0uUAY9Ly+sI="></latexit><latexit sha1_base64="dYd2390PtR/7Xj5Z0uUAY9Ly+sI="></latexit><latexit sha1_base64="dYd2390PtR/7Xj5Z0uUAY9Ly+sI="></latexit><latexit sha1_base64="dYd2390PtR/7Xj5Z0uUAY9Ly+sI="></latexit>

[Arjovsky, Chintala,Bottou, 2017]:
<latexit sha1_base64="l4t4aRtLbT6hBXuRHmNvsigFjFA="></latexit><latexit sha1_base64="l4t4aRtLbT6hBXuRHmNvsigFjFA="></latexit><latexit sha1_base64="l4t4aRtLbT6hBXuRHmNvsigFjFA="></latexit><latexit sha1_base64="l4t4aRtLbT6hBXuRHmNvsigFjFA="></latexit><latexit sha1_base64="l4t4aRtLbT6hBXuRHmNvsigFjFA="></latexit>

= min
✓

sup
f2B

R
fd↵✓ � 1

m

P
j f(yj)

<latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit><latexit sha1_base64="pZoTDWwfMdT5/qqGAll/nrThRtQ="></latexit>

= min
✓

sup
f2B

R
f(g✓(z))d⇣ � 1

m

P
j f(yj)

<latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit><latexit sha1_base64="ssKix6YJ+6OoYp3bIvNk7Axgejw="></latexit>

{f⇠}⇠ ⇢ B
<latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="RrgZ7qoVa1hTWq+Lf8a4Bo/iOSc="></latexit><latexit sha1_base64="RrgZ7qoVa1hTWq+Lf8a4Bo/iOSc="></latexit><latexit sha1_base64="OgY91uEZtCUBqI0qGVE9o/jZQFE="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit><latexit sha1_base64="G3xMaohG6LCW3m+5+8RnkQenkhw="></latexit>

6=
<latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit><latexit sha1_base64="/N6TOrnXK/VhOj2q3+o7fHAtcO8="></latexit>

min
✓

sup
⇠

R
f⇠(g✓(z))d⇣ �

P
j f⇠(yj)

<latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="> </latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit><latexit sha1_base64="9CzNzhJLqbUTg8LY0niNfpUkIXY="></latexit>



Overview

• Dual Problem


• W1


• Semi-discrete Problem


• Optimal Quantization



Semi-discrete Problem
� =

Pm
j=1 bj�yj

y1
<latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit>

y2
<latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit>

y3
<latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit>

y4
<latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit>

↵

Optimal Monge map:
<latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit>

T : Lj 7�! yj
<latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit>

L4
<latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit>

L3
<latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit>

L2
<latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit>

L1
<latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit>



Semi-discrete Problem
� =

Pm
j=1 bj�yj

y1
<latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit>

y2
<latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit>

y3
<latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit>

y4
<latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit>

↵

Optimal Monge map:
<latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit>

T : Lj 7�! yj
<latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit>
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Figure 5.1: Top: examples of semi-discrete c̄-transforms g
c̄ in 1-D, for ground

cost c(x, y) = |x ≠ y|p for varying p (see colorbar). The red points are at locations
(yj , ≠g

j
)j . Bottom: examples of semi-discrete c̄-transforms g

c̄ in 2-D, for ground
cost c(x, y) = Îx ≠ yÎp for varying p. The red points are at locations yj œ R2, and
their size is proportional to g

j
. The regions delimited by bold black curves are the

Laguerre cells (Lg(yj))j associated to these points (yj)j .
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c(x, y) = ||x� y||
<latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit>

L4
<latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit>

L3
<latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit>

L2
<latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit>

L1
<latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit>

c-transform:
<latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit>

gc(x)
def.
= min

16j6m
c(x, yj)� gj

<latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="BZefphwID4jvhSrsrWj+B5EhktY="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit>



Semi-discrete Problem
� =

Pm
j=1 bj�yj

y1
<latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit>

y2
<latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit>

y3
<latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit>

y4
<latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit>

↵

Optimal Monge map:
<latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit>

T : Lj 7�! yj
<latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit>

max
g2Rm

E(g) def.
=

R
gc(x)(x)d↵(x) +

P
j gjbj

<latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit>

Semi-discrete OT:
<latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit>
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Figure 5.1: Top: examples of semi-discrete c̄-transforms g
c̄ in 1-D, for ground

cost c(x, y) = |x ≠ y|p for varying p (see colorbar). The red points are at locations
(yj , ≠g

j
)j . Bottom: examples of semi-discrete c̄-transforms g

c̄ in 2-D, for ground
cost c(x, y) = Îx ≠ yÎp for varying p. The red points are at locations yj œ R2, and
their size is proportional to g

j
. The regions delimited by bold black curves are the

Laguerre cells (Lg(yj))j associated to these points (yj)j .
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c(x, y) = ||x� y||
<latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit>

L4
<latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit>

L3
<latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit>

L2
<latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit>

L1
<latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit>

c-transform:
<latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit>

gc(x)
def.
= min

16j6m
c(x, yj)� gj

<latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="BZefphwID4jvhSrsrWj+B5EhktY="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit>



Semi-discrete Problem
� =

Pm
j=1 bj�yj

y1
<latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit>

y2
<latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit>

y3
<latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit>

y4
<latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit>

↵

Optimal Monge map:
<latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit>

T : Lj 7�! yj
<latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit>

max
g2Rm

E(g) def.
=

R
gc(x)(x)d↵(x) +

P
j gjbj

<latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit>

Semi-discrete OT:
<latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit>
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Figure 5.1: Top: examples of semi-discrete c̄-transforms g
c̄ in 1-D, for ground

cost c(x, y) = |x ≠ y|p for varying p (see colorbar). The red points are at locations
(yj , ≠g

j
)j . Bottom: examples of semi-discrete c̄-transforms g

c̄ in 2-D, for ground
cost c(x, y) = Îx ≠ yÎp for varying p. The red points are at locations yj œ R2, and
their size is proportional to g

j
. The regions delimited by bold black curves are the

Laguerre cells (Lg(yj))j associated to these points (yj)j .
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c(x, y) = ||x� y||
<latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit>

L4
<latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit>

L3
<latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit>

L2
<latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit>

L1
<latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit>

c-transform:
<latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit>

gc(x)
def.
= min

16j6m
c(x, yj)� gj

<latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="BZefphwID4jvhSrsrWj+B5EhktY="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit>

Laguerre cells:
<latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit>

Lj(g)
def.
=

�
x ; 8`, c(x, yj)� gj 6 c(x, y`)� g`

 
<latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit>



Semi-discrete Problem
� =

Pm
j=1 bj�yj

y1
<latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit><latexit sha1_base64="t5eybmmsf+EgOiAsv/fpA0yXp0U="></latexit>

y2
<latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit><latexit sha1_base64="FfxBk0L28QlJ67dGvl5dhCzi8Qw="></latexit>

y3
<latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit><latexit sha1_base64="yvH7FkZz/xWKXSCwMkfXV0U26WU="></latexit>

y4
<latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit><latexit sha1_base64="f5+JB8q75x1viH3ObEERYWZX9eY="></latexit>

↵

Optimal Monge map:
<latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit><latexit sha1_base64="1wV36BDA4QQzS2e4axYjKtP7XUc="></latexit>

T : Lj 7�! yj
<latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit><latexit sha1_base64="omx7A8P8l4Ev+4cb2KGpUDu1TRE="></latexit>

max
g2Rm

E(g) def.
=

R
gc(x)(x)d↵(x) +

P
j gjbj

<latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit><latexit sha1_base64="Z0D9e6MC/QtAcZ8tuuuf+yCzjbw="></latexit>

Semi-discrete OT:
<latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit><latexit sha1_base64="YqJ3RpFM8LYgkUb2AYAJaJYMJMI="></latexit>
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Figure 5.1: Top: examples of semi-discrete c̄-transforms g
c̄ in 1-D, for ground

cost c(x, y) = |x ≠ y|p for varying p (see colorbar). The red points are at locations
(yj , ≠g

j
)j . Bottom: examples of semi-discrete c̄-transforms g

c̄ in 2-D, for ground
cost c(x, y) = Îx ≠ yÎp for varying p. The red points are at locations yj œ R2, and
their size is proportional to g

j
. The regions delimited by bold black curves are the

Laguerre cells (Lg(yj))j associated to these points (yj)j .
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c(x, y) = ||x� y||
<latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit><latexit sha1_base64="t1hV4vOzL0Ku39K5fT1UqH/aOfY="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit><latexit sha1_base64="M/7b5gJAqVGa2cruLrYMNBKNvJ4="></latexit>

L4
<latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit><latexit sha1_base64="+IvBp26rxovsF1r77iQ1KsymfqA="></latexit>

L3
<latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit><latexit sha1_base64="WJe7DBwYj8zrRYJuIaCUOZAF3iQ="></latexit>

L2
<latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="></latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit><latexit sha1_base64="Lj/rldZrTNCondcdfY4FyPkb0jg="> </latexit>

L1
<latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit><latexit sha1_base64="GwE40NZBU87Gt1b03LBxCWE5rRY="></latexit>

c-transform:
<latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit><latexit sha1_base64="hdipcsohRRdOSWXGF+ZS36MO4qc="></latexit>

gc(x)
def.
= min

16j6m
c(x, yj)� gj

<latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="jEavYL+XdWIbwiRUS4t1WFXXsgo="></latexit><latexit sha1_base64="BZefphwID4jvhSrsrWj+B5EhktY="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit><latexit sha1_base64="zra450onfwmfhnPgPVxc4MK6V0Y="></latexit>

Laguerre cells:
<latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit><latexit sha1_base64="gWudtQEPWY3b/OSicIXjbSHMBMc="></latexit>

Lj(g)
def.
=

�
x ; 8`, c(x, yj)� gj 6 c(x, y`)� g`

 
<latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit><latexit sha1_base64="61va2ofxDDf/6ykQJswY8pEset8="></latexit>

Proposition:
<latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit>

rE(g)j = �
R
Lj(g)

d↵+ bj
<latexit sha1_base64="UT/PMqbrv4HbaH60J/F4WcUg6NY="></latexit><latexit sha1_base64="UT/PMqbrv4HbaH60J/F4WcUg6NY="></latexit><latexit sha1_base64="UT/PMqbrv4HbaH60J/F4WcUg6NY="></latexit><latexit sha1_base64="UT/PMqbrv4HbaH60J/F4WcUg6NY="></latexit><latexit sha1_base64="UT/PMqbrv4HbaH60J/F4WcUg6NY="></latexit>



Gradient descent:
<latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit>

g (1� ⌧)g+ ⌧
R
Lj(g)

d↵
<latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit> Franz 
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Semi-discrete Optimization

<latexit sha1_base64="AekGKs1GmcpE00qRQDASd0PIo4o="></latexit>

! In practice: use quasi-Newton (L-BFGS).



Gradient descent:
<latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit>

g (1� ⌧)g+ ⌧
R
Lj(g)

d↵
<latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit> Franz 
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Semi-discrete Optimization

<latexit sha1_base64="AekGKs1GmcpE00qRQDASd0PIo4o="></latexit>

! In practice: use quasi-Newton (L-BFGS).
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Semi-discrete Optimization



Overview

• Dual Problem


• W1


• Semi-discrete Problem


• Optimal Quantization



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

convex
<latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit>

non-convex
<latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

convex
<latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit>

non-convex
<latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit>

In general: Qm(↵) ⇠ 1/m1/d.
<latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

convex
<latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit>

non-convex
<latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit>

In general: Qm(↵) ⇠ 1/m1/d.
<latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit>

Qm(↵) =
<latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit>

min
Y

max
g2Rm

R
gc(x)(x)d↵(x) + min

b

P
j gjbj

<latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

convex
<latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit>

non-convex
<latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit>

In general: Qm(↵) ⇠ 1/m1/d.
<latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit>

Qm(↵) =
<latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit>

min
Y

max
g2Rm

R
gc(x)(x)d↵(x) + min

b

P
j gjbj

<latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>

g = 0
<latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit>

=)
<latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit>

Lj(0) = Vj(Y )
def.
= {x ; 8`, ||x� yj || 6 ||x� y`||}

<latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="56i7z2k3xrMy7WmUrH3Yz8pszpA="></latexit><latexit sha1_base64="56i7z2k3xrMy7WmUrH3Yz8pszpA="></latexit><latexit sha1_base64="xZwyXbDyPbE9uinx+DXixcd3D4k="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit>

Voronoi cells:
<latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit>



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

convex
<latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit>

non-convex
<latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit>

In general: Qm(↵) ⇠ 1/m1/d.
<latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit>

Qm(↵) =
<latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit>

min
Y

max
g2Rm

R
gc(x)(x)d↵(x) + min

b

P
j gjbj

<latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>

Qm(↵) = min
Y

Z
min

16j6m
c(x, yj)d↵(x)

<latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit>

Proposition:
<latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit>

g = 0
<latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit>

=)
<latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit>

Lj(0) = Vj(Y )
def.
= {x ; 8`, ||x� yj || 6 ||x� y`||}

<latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="56i7z2k3xrMy7WmUrH3Yz8pszpA="></latexit><latexit sha1_base64="56i7z2k3xrMy7WmUrH3Yz8pszpA="></latexit><latexit sha1_base64="xZwyXbDyPbE9uinx+DXixcd3D4k="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit>

Voronoi cells:
<latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit>



Optimal Quantization
↵ � =

P
j bj�yj

<latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit><latexit sha1_base64="J/UT0rKb/egZhQXgBj4nhb0pjSg="></latexit>

quantization
<latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit><latexit sha1_base64="Pv8Yn3B5GzNCGZ4ksVEmu3Zl+xk="></latexit>

convex
<latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit><latexit sha1_base64="HL+CWgVEA+ho9MS6+Yq/V1Xlz0w="></latexit>

non-convex
<latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit><latexit sha1_base64="VdRImCsKpMsG7hpSphWq5LcEdys="></latexit>

In general: Qm(↵) ⇠ 1/m1/d.
<latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="> </latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit><latexit sha1_base64="MHuuTNavetQqrQWov3mo3dZHRy4="></latexit>

Qm(↵) =
<latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s="></latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit><latexit sha1_base64="2n/Sd6/TLkydrIyHB1WnlXeib6s=">AABFf3ictVzrdhS5ERab20JubPIzfzrrJYE9xGsTcnLZs+cs2MZ4MdgwY8PCAKdnpj0M9EwPc+My68fI3+RR8hx5g+RXXiF1kVrqGXWX2iH0sa1W66sqVUulqpKa9ijtT6YbG/8899H3vv+DH/7o4/MXfvyTn/7s5xc/+cXxJJuNO8lRJ0uz8aN2PEnS/jA5mvanafJoNE7iQTtNHrZfbeHzh/NkPOlnw+b03Sh5Ooh7w/5Jvx </latexit>

min
Y

max
g2Rm

R
gc(x)(x)d↵(x) + min

b

P
j gjbj

<latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit><latexit sha1_base64="ltLLjI8KzYMVc1XIIjXd55ioYYA="></latexit>

Qm(↵)
def.
= min

b, Y
Wp(↵,

P
j bj�yj )

<latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="cB6PMmZd3ZN7fxuF1K4d+l5h3eM="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="mq+BFSgtOmL8snyLcKKPz4Nwn6Y="></latexit><latexit sha1_base64="x1v43KFq/jwqhd/rzLdNVY9wIzw="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit><latexit sha1_base64="GOtAFge1SPYVu3blkpa6HEvWdms="></latexit>

Qm(↵) = min
Y

Z
min

16j6m
c(x, yj)d↵(x)

<latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit><latexit sha1_base64="9+wlP+JAhxLRDNcpaLLF0WoOboo="></latexit>

Proposition:
<latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit><latexit sha1_base64="PiBtOOTAAUJsxdt5ASuoHfK8+mY="></latexit>

g = 0
<latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit><latexit sha1_base64="xk9gFNAG2ueEmxo1cDt9PSENXTk="></latexit>

=)
<latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit>

Lj(0) = Vj(Y )
def.
= {x ; 8`, ||x� yj || 6 ||x� y`||}

<latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="56i7z2k3xrMy7WmUrH3Yz8pszpA="></latexit><latexit sha1_base64="56i7z2k3xrMy7WmUrH3Yz8pszpA="></latexit><latexit sha1_base64="xZwyXbDyPbE9uinx+DXixcd3D4k="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit><latexit sha1_base64="nJNJ8vSgBdFfGLKyFsigrvFT7r8="></latexit>

Voronoi cells:
<latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit><latexit sha1_base64="iJT7BZ5/sXBgQRLiZuoB8Gohq9Q="></latexit>

Local minimizers:
<latexit sha1_base64="8E/VHqLSQA66j6RiE/Fgmf7YzZ0="></latexit><latexit sha1_base64="8E/VHqLSQA66j6RiE/Fgmf7YzZ0="></latexit><latexit sha1_base64="8E/VHqLSQA66j6RiE/Fgmf7YzZ0="></latexit><latexit sha1_base64="8E/VHqLSQA66j6RiE/Fgmf7YzZ0="></latexit><latexit sha1_base64="8E/VHqLSQA66j6RiE/Fgmf7YzZ0="></latexit>

yj = argmin
y

Z

Vj(Y )
c(x, y)d↵(x)

<latexit sha1_base64="Sdf9hahkMK69qFcPMkffaVMKeVw="></latexit><latexit sha1_base64="Sdf9hahkMK69qFcPMkffaVMKeVw="></latexit><latexit sha1_base64="Sdf9hahkMK69qFcPMkffaVMKeVw="></latexit><latexit sha1_base64="Sdf9hahkMK69qFcPMkffaVMKeVw="></latexit><latexit sha1_base64="Sdf9hahkMK69qFcPMkffaVMKeVw="></latexit>



Lloyd’s Algorithm

Cost c(x, y) = ||x� y||2
<latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit>

argmin
y

Z

Vj

||x� y||2d↵(x) = 1

|Vj |

Z

Vi

xd↵(x)
<latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit>



Lloyd algorithm:
<latexit sha1_base64="kAe2HeyqZmj4kUmjH8vcYfuKkGE="></latexit><latexit sha1_base64="kAe2HeyqZmj4kUmjH8vcYfuKkGE="></latexit><latexit sha1_base64="kAe2HeyqZmj4kUmjH8vcYfuKkGE="></latexit><latexit sha1_base64="kAe2HeyqZmj4kUmjH8vcYfuKkGE="></latexit><latexit sha1_base64="kAe2HeyqZmj4kUmjH8vcYfuKkGE="></latexit>

8j, yj  
1

|Vj |

Z

Vi

xd↵(x)
<latexit sha1_base64="/0OayDTkNVvz9oX0DN6prem8yt8="></latexit><latexit sha1_base64="/0OayDTkNVvz9oX0DN6prem8yt8="></latexit><latexit sha1_base64="/0OayDTkNVvz9oX0DN6prem8yt8="></latexit><latexit sha1_base64="/0OayDTkNVvz9oX0DN6prem8yt8="></latexit><latexit sha1_base64="/0OayDTkNVvz9oX0DN6prem8yt8="></latexit>

8j, Vj  {x ; 8` 6= j, ||x� yj || 6 ||x� `||}
<latexit sha1_base64="Jbfn3eEYlhCBFBxh8OyWkcIf2iY="></latexit><latexit sha1_base64="Jbfn3eEYlhCBFBxh8OyWkcIf2iY="></latexit><latexit sha1_base64="Jbfn3eEYlhCBFBxh8OyWkcIf2iY="></latexit><latexit sha1_base64="Jbfn3eEYlhCBFBxh8OyWkcIf2iY="></latexit><latexit sha1_base64="Jbfn3eEYlhCBFBxh8OyWkcIf2iY="></latexit>

Iter #1
<latexit sha1_base64="HVZbw9cqklV3v0DybnyR2yDsWKs="></latexit><latexit sha1_base64="HVZbw9cqklV3v0DybnyR2yDsWKs="></latexit><latexit sha1_base64="HVZbw9cqklV3v0DybnyR2yDsWKs="></latexit><latexit sha1_base64="HVZbw9cqklV3v0DybnyR2yDsWKs="></latexit><latexit sha1_base64="HVZbw9cqklV3v0DybnyR2yDsWKs="></latexit>

Iter #2
<latexit sha1_base64="kgMMKWbek6uRS+3xXDkWNTOu7/M="></latexit><latexit sha1_base64="kgMMKWbek6uRS+3xXDkWNTOu7/M="></latexit><latexit sha1_base64="kgMMKWbek6uRS+3xXDkWNTOu7/M="></latexit><latexit sha1_base64="kgMMKWbek6uRS+3xXDkWNTOu7/M="></latexit><latexit sha1_base64="kgMMKWbek6uRS+3xXDkWNTOu7/M="></latexit>

Iter #3
<latexit sha1_base64="/uI6GI9BQ2W1snwqGqMpUDOUfjo="></latexit><latexit sha1_base64="/uI6GI9BQ2W1snwqGqMpUDOUfjo="></latexit><latexit sha1_base64="/uI6GI9BQ2W1snwqGqMpUDOUfjo="></latexit><latexit sha1_base64="/uI6GI9BQ2W1snwqGqMpUDOUfjo="></latexit><latexit sha1_base64="/uI6GI9BQ2W1snwqGqMpUDOUfjo="></latexit>

. . .<latexit sha1_base64="nYHOsDN6CRyhXgiBQ/V9L13932g="></latexit><latexit sha1_base64="nYHOsDN6CRyhXgiBQ/V9L13932g="></latexit><latexit sha1_base64="nYHOsDN6CRyhXgiBQ/V9L13932g="></latexit><latexit sha1_base64="nYHOsDN6CRyhXgiBQ/V9L13932g="></latexit><latexit sha1_base64="nYHOsDN6CRyhXgiBQ/V9L13932g="></latexit>V4
<latexit sha1_base64="F50O12W5kfn+D9ywDwLYXnmn98c="></latexit><latexit sha1_base64="F50O12W5kfn+D9ywDwLYXnmn98c="></latexit><latexit sha1_base64="F50O12W5kfn+D9ywDwLYXnmn98c="></latexit><latexit sha1_base64="F50O12W5kfn+D9ywDwLYXnmn98c="></latexit><latexit sha1_base64="F50O12W5kfn+D9ywDwLYXnmn98c="></latexit>

y4
<latexit sha1_base64="9P6QLe9DB41R44RX+rwSwFqf360="></latexit><latexit sha1_base64="9P6QLe9DB41R44RX+rwSwFqf360="></latexit><latexit sha1_base64="9P6QLe9DB41R44RX+rwSwFqf360="></latexit><latexit sha1_base64="9P6QLe9DB41R44RX+rwSwFqf360="></latexit><latexit sha1_base64="9P6QLe9DB41R44RX+rwSwFqf360="></latexit>

x3
<latexit sha1_base64="z9T42Zne+iadzvPQwVmXs0TlUBQ="></latexit><latexit sha1_base64="z9T42Zne+iadzvPQwVmXs0TlUBQ="></latexit><latexit sha1_base64="z9T42Zne+iadzvPQwVmXs0TlUBQ="></latexit><latexit sha1_base64="z9T42Zne+iadzvPQwVmXs0TlUBQ="></latexit><latexit sha1_base64="z9T42Zne+iadzvPQwVmXs0TlUBQ="></latexit>

C3
<latexit sha1_base64="U66mX9a3WvJkYdqB7gkjghiNIKs="></latexit><latexit sha1_base64="U66mX9a3WvJkYdqB7gkjghiNIKs="></latexit><latexit sha1_base64="U66mX9a3WvJkYdqB7gkjghiNIKs="></latexit><latexit sha1_base64="U66mX9a3WvJkYdqB7gkjghiNIKs="></latexit><latexit sha1_base64="U66mX9a3WvJkYdqB7gkjghiNIKs="></latexit>

y1
<latexit sha1_base64="BovcLlbgk0w6/hoWph/dqcz6VDU="></latexit><latexit sha1_base64="BovcLlbgk0w6/hoWph/dqcz6VDU="></latexit><latexit sha1_base64="BovcLlbgk0w6/hoWph/dqcz6VDU="></latexit><latexit sha1_base64="BovcLlbgk0w6/hoWph/dqcz6VDU="></latexit><latexit sha1_base64="BovcLlbgk0w6/hoWph/dqcz6VDU="></latexit>

V1
<latexit sha1_base64="CWaby3qKaJsFfKs3jfJeBQi5LKk="></latexit><latexit sha1_base64="CWaby3qKaJsFfKs3jfJeBQi5LKk="></latexit><latexit sha1_base64="CWaby3qKaJsFfKs3jfJeBQi5LKk="></latexit><latexit sha1_base64="CWaby3qKaJsFfKs3jfJeBQi5LKk="></latexit><latexit sha1_base64="CWaby3qKaJsFfKs3jfJeBQi5LKk="></latexit>

y1
<latexit sha1_base64="COcmx1mOGl7Ei1jO/6KGlWDQw+o="></latexit><latexit sha1_base64="COcmx1mOGl7Ei1jO/6KGlWDQw+o="></latexit><latexit sha1_base64="COcmx1mOGl7Ei1jO/6KGlWDQw+o="></latexit><latexit sha1_base64="COcmx1mOGl7Ei1jO/6KGlWDQw+o=">AABB03ictVzNchu5EYY3f2vnz06OuUyidcqb8jqS4qqkaitVK0uyrDVtyyYle3dpq/gzomkPOTSHlGxzdUnlmkfINXmMPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr1772VGWzqe9+LCXJun0WbeTxclwHB/OhrMkfjaZxp1RN4mfdl9v4+dPT+NpNkzHrdm7Sfx81B </latexit><latexit sha1_base64="COcmx1mOGl7Ei1jO/6KGlWDQw+o=">AABB03ictVzNchu5EYY3f2vnz06OuUyidcqb8jqS4qqkaitVK0uyrDVtyyYle3dpq/gzomkPOTSHlGxzdUnlmkfINXmMPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr1772VGWzqe9+LCXJun0WbeTxclwHB/OhrMkfjaZxp1RN4mfdl9v4+dPT+NpNkzHrdm7Sfx81B </latexit>

V1
<latexit sha1_base64="bgjqXKokz38gR3exY7gKD9MqWj4="></latexit><latexit sha1_base64="bgjqXKokz38gR3exY7gKD9MqWj4="></latexit><latexit sha1_base64="bgjqXKokz38gR3exY7gKD9MqWj4="></latexit><latexit sha1_base64="bgjqXKokz38gR3exY7gKD9MqWj4=">AABB1XictVzbchu5EYU3l107N2/2MS+TaJ3yphyv5LgqqdpK1cqSLGtN27JJyd5d2ipeRjTtIYfmkPKFy7dUXvMJeU2+It+RP0ie8gvpCzDAkJhpjOIYJQkD4nQ3eoBGdwN0d5IMs9nm5j8vfPC97//ghx9+dPHSj378k5/+7PLHPz/O0vm0Fx/10iSdPul2sjgZjuOj2XCWxE8m07gz6ibx4+7LHfz88Vk8zYbpuDV7O4mfjj </latexit><latexit sha1_base64="bgjqXKokz38gR3exY7gKD9MqWj4=">AABB1XictVzbchu5EYU3l107N2/2MS+TaJ3yphyv5LgqqdpK1cqSLGtN27JJyd5d2ipeRjTtIYfmkPKFy7dUXvMJeU2+It+RP0ie8gvpCzDAkJhpjOIYJQkD4nQ3eoBGdwN0d5IMs9nm5j8vfPC97//ghx9+dPHSj378k5/+7PLHPz/O0vm0Fx/10iSdPul2sjgZjuOj2XCWxE8m07gz6ibx4+7LHfz88Vk8zYbpuDV7O4mfjj </latexit>

Lloyd’s Algorithm

Cost c(x, y) = ||x� y||2
<latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit><latexit sha1_base64="IV+9JenfsXWHPn/R5reZROyRHdk="></latexit>

argmin
y

Z

Vj

||x� y||2d↵(x) = 1

|Vj |

Z

Vi

xd↵(x)
<latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit><latexit sha1_base64="jE4ucd774/2h2lYhq1UiwUg+5ak="></latexit>
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