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W.(a,b)= min {(C,P) : Pl=a,P'1l=>b}
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= max (f,a)+ (g, b)+ min (C, P)—(f, P1)— (g, P'1)

feER™, gcR™ PERMX™
— f b) +min (C— (f1" +1g"), P):
repnax, () + (g b) Hmin (C—(fl" +1g ), P):

- [0 if Q=0
Emm Q, P) = { —o0 otherwise.

Theorem:

Wells ) = _qamere, (1 854 (5, 19 3,

Primal-dual relations: {(i,7) : P;; #0} C{(i,j) : fi+g; =C,,}
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Continuous Dual Problem

Wc(&aﬁ) :WEMIELH(?(X)J) {<Cv 7T> . T = @,y = 5}
SRR

f, a déf' Zfzaz

(o) [ fadate) ——

Theorem:

Welo,0) = _ max {(f.0)+(g.5) : f@g<c}

max [ f@aa) + [ swasw) = a0 )+ 9(0) < o) |

fFeC(x),geC(¥)

Primal-dual relations: Supp(w) C {(x,y) : f(x)+ g(y) = c(x,y)}
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C-transforms

Fixing f, solve the dual with respect to g:

rmxifgwmmw:vwwxﬂ>+gw> (z,y)

\

Vv

geC(Y) \Jy )
max & [ g()ds(y) : ¥y, o) < minc(z,y) - flx) |
geCy) Jy T )

f€(y) = minc(z,y) — f(z)

c-transforms: zEA

g°(z) = min e(z,y) = g(y)

Proposition: The dual solution on ¢ is equal a-a.e to f°.

Cost c(x,y) = —(z, y): o Somstent

[z —yl|?dn(z,y) = =2 [(z, y)dr(z,y) +fo1?\!2(104 )+ [ |y|*dB(y)

f¢=—(=f)" where h*(y) = sup(z, y) — f(x)
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Proposition: €€ = f°.

P 0. cc _ __ fc
W1 case: c(x,y) =d(z,y) roposttion /

df s.t. g=f¢ <= g is 1-Lipschitz.

Wl &) = mkc (s @) < (g B) 3 7 @9 <€)
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Alternate Minimization and W1

(f,9) — (f, ) — (fcc.f ) — (f“”7f“”0)“(fmc fe)

____________ - S

Proposition: ¢ = f°.

Proposition: ¢ = —f°¢
df s.t. g=f¢ <= g is 1-Lipschitz.

W1 case: c(x,y) =d(z,y)

il ) = s {1, @) o B 5 Sy )
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Euclidean and Graphs W1

Case d(z,y) = |z — y|:
o= Blw, = _max _ (fra=f = min [ Jula)lde

[V f(z)]eo <1 div(u)=a
On graph: d(x,y) = Geod,(z,y) \ wi_’jl(fi —£;)
a = blw, = max (fa-b)= min ¥, il
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W1 On Surfaces

[Solomon, Rustamov, Guibas, Butscher, SIGGRAPH 2014]




W1 On Sub-domains
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Dual Norms

oo = Bz = sup [ f(x)d(a — B)(x)

feB
B=Af : |fle <1} » Total variation
B=A{f:|Vf|lwx <1} » W,y
B={f: |Vf]leo + |f]eoc <1} —— Flat norm (unbalanced)
B={f:|VW®fls <1} > Sobolev H~* (k> 9)
B = {neural networks} » 77 (Non-convex)
Proposition:

If C(X) C Span(B), then | - | is stronger than weak convergence.

If B C C(X) is compact, then | - |p is weaker than weak convergence.

| - | B metrizes weak convergence.
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Wasserstein GANs

Generative model fitting: m@in lcve — BB

= min sup [ fdog — o 3. f(y;)

0 feB
= min Jsvlelg [ Fl90(2))dC = o 32 f(y;)
l{fg}s C b

# minsup [ fe(g9(2)dC ~ 2, )

Jo Je

.,

Wasserstein GANS,
Weight clipping €] < 1.

[Arjovsky, Chintala,Bottou, 2017]:
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Semi-discrete Problem

B=3"" b, Optl?alﬁMonge map:
Ly
1@ J Yi
o ® Y4 c-transform:
Y2

Semi-discrete OT':

df
max £(g) = [ g°(x
geR™

c(z,y) =z —y| clz,y) =]z -yl

Lague'r're cells:
Li(g) = {z; Ve, c(w,y;) —g; < c(w,y0) — g}

Proposition: VE(g) f£ () 4 + b;
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8 - - of. .
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Optimal Quantization

@ — b5 , def. .
B=2 Jou Qm () = min Wy (a, ) bjoy,;)
. Y
° O / \
—> * o9 ® convex non-convex
quantization .. ®
°eo In general: Q,,(a) ~1/m'/<.

Voronoi cells: L;(0)=V;(Y) =A{z; V¢, |z —y;| < |z —ye|}

roposition: Q. () b i c(x,y;)da(x)

Local minimizers: Yy; = argmin / c(z,y)da(x)
Y V;(Y)
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Lloyd’s Algorithm

Cost c(x,y) = |z —y

|
argmm/ Jz — yl*da(z) |V|/ rdo(x

Vi, Vi VEF g o —ys] <z =}

1
V1 . d
9, Y A /VSE o(x)

Lloyd algorithm: |:

V1
U1

Iter #3
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