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<latexit sha1_base64="5gW3YWEQNZgE9E/fQ46xgJObWiE="></latexit>

“Balanced” OT:

<latexit sha1_base64="M3u6p/wm4f90+CTyvsUX1jeDFmg="></latexit>

Not robust to

<latexit sha1_base64="0LqWnXWyFNOV6MnCzkvVXBVJHXI="></latexit>

outliers
<latexit sha1_base64="22eT5RGteYbPbZsAn5v4FGt4F8k="></latexit>

mode variations
<latexit sha1_base64="dopBnexlD/zWz9IvspKBuKMvGCQ="></latexit>

missing parts

<latexit sha1_base64="fo35L5doP+tga8LWJt97bE/ZPKw="></latexit>

imposes ↵(X ) = �(X )
<latexit sha1_base64="dBdAVOre9NpqEMMtQ9/vveJUUjE="></latexit>

Robust to support shift.

↵ �

Weak topology

<latexit sha1_base64="Cbz75Y7eg9GyKpsewYYI+HymJTg="></latexit>

OT

X
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Strong topology
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Total variation:
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Unbalanced OT: hybridize the weak and strong topologies.
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Total variation:



Csiszar Divergence

Comparing
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Csiszár 

Csiszár '-divergence:
<latexit sha1_base64="NL5IBO3JSRrrEff0o9i1KrmNEIY="></latexit><latexit sha1_base64="NL5IBO3JSRrrEff0o9i1KrmNEIY="></latexit><latexit sha1_base64="NL5IBO3JSRrrEff0o9i1KrmNEIY="></latexit><latexit sha1_base64="NL5IBO3JSRrrEff0o9i1KrmNEIY="></latexit><latexit sha1_base64="NL5IBO3JSRrrEff0o9i1KrmNEIY="></latexit>

' convex, '(1) = 0, ' > 0
<latexit sha1_base64="6TqLUprk2ErQcvj/qmHeYR9F6+o="></latexit><latexit sha1_base64="6TqLUprk2ErQcvj/qmHeYR9F6+o="></latexit><latexit sha1_base64="6TqLUprk2ErQcvj/qmHeYR9F6+o="></latexit><latexit sha1_base64="6TqLUprk2ErQcvj/qmHeYR9F6+o="></latexit><latexit sha1_base64="6TqLUprk2ErQcvj/qmHeYR9F6+o="></latexit>

Important if ↵(X ) 6= �(X ).
<latexit sha1_base64="J+PPDfpgiBmIu3T2fl+BnMjXkBg="></latexit><latexit sha1_base64="J+PPDfpgiBmIu3T2fl+BnMjXkBg="></latexit><latexit sha1_base64="J+PPDfpgiBmIu3T2fl+BnMjXkBg="></latexit><latexit sha1_base64="J+PPDfpgiBmIu3T2fl+BnMjXkBg="></latexit><latexit sha1_base64="J+PPDfpgiBmIu3T2fl+BnMjXkBg="></latexit>

<latexit sha1_base64="LLFJuXJOHN4gZElA7OwWr5YiWfA="></latexit>

D'(↵|�) ,
Z
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✓
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d�
(x)
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d�(x) + '0

1↵?(X )

<latexit sha1_base64="VDo04BssfDeFSkDaFuP+ZPJlq5w="></latexit>
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t!+1
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t
<latexit sha1_base64="V81Et8dR2sI+nHe5YWJ4830s344="></latexit>

Recession constant:

<latexit sha1_base64="XrO2lsvqpnWC3PLoUhRzr7mciYs="></latexit>
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D' > 0 is jointly convex,
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Example of Csiszar Divergence
<latexit sha1_base64="LLFJuXJOHN4gZElA7OwWr5YiWfA=">AABFVXictVzvchu3EYfTNHXUP3Haj/1yqeLWbl1XdtymmUxnYkuyrFixZZOSnZi25o48UmefeDR5pGXTfLY+RicP0Jn2U5+g0+4ugAOOxN3iVFc3EnEgfruLPWCxu8ApGqXJJN/Y+P7cez94/4cf/Oj8h2s//slPf/bRhY9/fjjJpuNufNDN0mz8OAoncZoM44M8ydP48WgchydRGj+KXmzi949m8XiSZMN2/noUPz0JB8Okn3 </latexit>

D'(↵|�) ,
Z

'

✓
d↵

d�
(x)

◆
d�(x) + '0

1↵?(X )

<latexit sha1_base64="3Jko2CpJ0rUzD10UGr5nI5J7buk="></latexit>

=
X

bi>0

'
⇣ai
bi

⌘
bi + '0

1
X

bi=0

ai

<latexit sha1_base64="468z+cB3tbXyOkexlRt1yxUYXKo="></latexit>

Discrete measures:
<latexit sha1_base64="0bXKLGHsToYK7Bbe0HO8vpgMN4w="></latexit>
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Example of Csiszar Divergence
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114 Statistical Divergences
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Figure 8.1: Example of entropy functionals.

where Supp(b) def.= {i œ JnK : bi ”= 0}.
The proof of the following Proposition can be found in [Liero et al., 2018, Thm 2.7].

Proposition 8.1. If Ï is an entropy function, then DÏ is jointly 1-homogeneous, convex
and weakly* lower semicontinuous in (–, —).

Remark 8.1 (Dual expression). A Ï-divergence can be expressed using the Legendre
transform

Ïú(s) def.= sup
tœR

st ≠ Ï(t)

of Ï (see also (4.54)) as

DÏ(–|—) = sup
f :X æR

⁄

X

f(x)d–(x) ≠

⁄

X

Ïú(f(x))d—(x),

see Liero et al. [2018] for more details.

We now review a few popular instances of this framework. Figure 8.1 displays the
associated entropy functionals, while Figure 8.2 reviews the relationship between them.

Example 8.1 (Kullback-Leibler divergence). The Kullback-Leibler divergence KL def.=
DÏKL , also known as the relative entropy, was already introduced in (4.10) and (4.6).
It is the divergence associated to the Shannon-Boltzman entropy function ÏKL, given
by

ÏKL(s) =

Y
__]

__[

s log(s) ≠ s + 1 for s > 0,

1 for s = 0,

+Œ otherwise.
(8.4)

Remark 8.1 (Bregman divergence). The discrete KL divergence, KL
def.= DÏKL has the

unique property of being both a Ï-divergence and a Bregman divergence. For discrete

s log(s)� s+ 1
<latexit sha1_base64="FFPclcYqBXfm0SLDZJMMFYrIgak="></latexit><latexit sha1_base64="FFPclcYqBXfm0SLDZJMMFYrIgak="></latexit><latexit sha1_base64="FFPclcYqBXfm0SLDZJMMFYrIgak="></latexit><latexit sha1_base64="FFPclcYqBXfm0SLDZJMMFYrIgak="></latexit><latexit sha1_base64="FFPclcYqBXfm0SLDZJMMFYrIgak="></latexit>

|
p
s� 1|2

<latexit sha1_base64="jgYX8YoPs2CzXcrP9EfyPjbG4zE="></latexit><latexit sha1_base64="jgYX8YoPs2CzXcrP9EfyPjbG4zE="></latexit><latexit sha1_base64="jgYX8YoPs2CzXcrP9EfyPjbG4zE="></latexit><latexit sha1_base64="jgYX8YoPs2CzXcrP9EfyPjbG4zE="></latexit><latexit sha1_base64="jgYX8YoPs2CzXcrP9EfyPjbG4zE="></latexit>

|s� 1|2
<latexit sha1_base64="nfX4EXI0XZUA5XExlS0Gvv02cBE="></latexit><latexit sha1_base64="nfX4EXI0XZUA5XExlS0Gvv02cBE="></latexit><latexit sha1_base64="nfX4EXI0XZUA5XExlS0Gvv02cBE="></latexit><latexit sha1_base64="nfX4EXI0XZUA5XExlS0Gvv02cBE="></latexit><latexit sha1_base64="nfX4EXI0XZUA5XExlS0Gvv02cBE="></latexit>

�2
<latexit sha1_base64="fVwAYXTJ2YfYXiDh3BYRspuqJio="></latexit><latexit sha1_base64="fVwAYXTJ2YfYXiDh3BYRspuqJio="></latexit><latexit sha1_base64="fVwAYXTJ2YfYXiDh3BYRspuqJio="></latexit><latexit sha1_base64="fVwAYXTJ2YfYXiDh3BYRspuqJio="></latexit><latexit sha1_base64="fVwAYXTJ2YfYXiDh3BYRspuqJio="></latexit>

Generalized KL
<latexit sha1_base64="z2aPpfQiDL/G49+QXMp9wUSJuWk="></latexit><latexit sha1_base64="z2aPpfQiDL/G49+QXMp9wUSJuWk="></latexit><latexit sha1_base64="z2aPpfQiDL/G49+QXMp9wUSJuWk="></latexit><latexit sha1_base64="z2aPpfQiDL/G49+QXMp9wUSJuWk="></latexit><latexit sha1_base64="z2aPpfQiDL/G49+QXMp9wUSJuWk="></latexit>

Hellinger distance
<latexit sha1_base64="oDiQ1+YmV+IjHGm8UCZCzU0TF44="></latexit><latexit sha1_base64="oDiQ1+YmV+IjHGm8UCZCzU0TF44="></latexit><latexit sha1_base64="oDiQ1+YmV+IjHGm8UCZCzU0TF44="></latexit><latexit sha1_base64="oDiQ1+YmV+IjHGm8UCZCzU0TF44="></latexit><latexit sha1_base64="oDiQ1+YmV+IjHGm8UCZCzU0TF44="></latexit>

s log(s)
<latexit sha1_base64="vOW3cWubg7STFNtd6nrLqK0Ilrc="></latexit><latexit sha1_base64="vOW3cWubg7STFNtd6nrLqK0Ilrc="></latexit><latexit sha1_base64="vOW3cWubg7STFNtd6nrLqK0Ilrc="></latexit><latexit sha1_base64="vOW3cWubg7STFNtd6nrLqK0Ilrc="></latexit><latexit sha1_base64="vOW3cWubg7STFNtd6nrLqK0Ilrc="></latexit>

<latexit sha1_base64="fDq1YQn7z4CPmwFU/niJEP22qx8="></latexit>

'0
1 = +1

<latexit sha1_base64="4enNtlw/p4eGk1hvPRGHOSwII3A="></latexit>

'0
1 = 1|s� 1|

<latexit sha1_base64="wpZa1REqVynZiu/UyoWpGRZt4hc="></latexit><latexit sha1_base64="wpZa1REqVynZiu/UyoWpGRZt4hc="></latexit><latexit sha1_base64="wpZa1REqVynZiu/UyoWpGRZt4hc="></latexit><latexit sha1_base64="wpZa1REqVynZiu/UyoWpGRZt4hc="></latexit><latexit sha1_base64="wpZa1REqVynZiu/UyoWpGRZt4hc="></latexit>

TV norm
<latexit sha1_base64="CsjdyhYjfY6LpCxrt6EuE+dX6Hc="></latexit><latexit sha1_base64="CsjdyhYjfY6LpCxrt6EuE+dX6Hc="></latexit><latexit sha1_base64="CsjdyhYjfY6LpCxrt6EuE+dX6Hc="></latexit><latexit sha1_base64="CsjdyhYjfY6LpCxrt6EuE+dX6Hc="></latexit><latexit sha1_base64="CsjdyhYjfY6LpCxrt6EuE+dX6Hc="></latexit>

<latexit sha1_base64="3Jko2CpJ0rUzD10UGr5nI5J7buk="></latexit>

=
X

bi>0

'
⇣ai
bi

⌘
bi + '0

1
X

bi=0

ai

<latexit sha1_base64="468z+cB3tbXyOkexlRt1yxUYXKo="></latexit>

Discrete measures:
<latexit sha1_base64="0bXKLGHsToYK7Bbe0HO8vpgMN4w="></latexit>

↵ =
P

i ai�xi
<latexit sha1_base64="cXPny/WVTwBSGdaaJOuYaZQcBR4="></latexit>

� =
P

i bi�xi

<latexit sha1_base64="U+pdq1VZglbYqACK+dPr8hwx66g="></latexit>

=
P

i |ai � bi|
<latexit sha1_base64="hB14wNu5qlBDRHMHS8/oyIpaU9s="></latexit>

=
P

i(
p
ai �

p
bi)2

<latexit sha1_base64="6443tTALp3sAvVKqCfgQNegzFCk="></latexit>

||↵� �||TV =
���
���
d↵

dx
� d�

dx

���
���
L1(dx)

<latexit sha1_base64="h9L/SUqqbsYKaKobFNTfk21CbMI="></latexit>

dH(↵,�)
2 =

���
���
r

d↵

dx
�
r

d�

dx

���
���
2

L2(dx)



Equivalence and non-equivalence

8.1. Ï-Divergences 115

KL

W1 dH

�2

TV
TV � W1/dmin

W1 � dmaxTV

TV � dH

TV
�
� �

2 /2

T
V

�
�

K
L
/2

dH �
�

2TV

d
H

�
�

�
2

KL � log(1 + �2)

dH � �
KL

Figure 8.2: Diagram of relationship between divergences (inspired by Gibbs and Su [2002]). For X a
metric space with ground distance d, dmax = sup(x,xÕ) d(x, x

Õ) is the diameter of X . When X is discrete,
dmin

def.= minx”=xÕ d(x, x
Õ).

vectors in Rn, a Bregman divergence [Bregman, 1967] associated to a smooth strictly
convex function Â : Rn

æ R is defined as

BÂ(a|b) def.= Â(a) ≠ Â(b) ≠ ÈÒÂ(b), a ≠ bÍ, (8.5)

where È·, ·Í is the canonical inner product on Rn. Note that BÂ(a|b) is a convex function
of a and a linear function of Â. Similarly to Ï-divergence, a Bregman divergence satisfies
BÂ(a|b) Ø 0 and BÂ(a|b) = 0 if and only if a = b. The KL divergence is the Bregman
divergence for minus the entropy Â = ≠H defined in (9.33)), e.g. KL = B≠H. A
Bregman divergence is locally a squared Euclidean distance since

BÂ(a + Á|a + ÷) = ÈˆÂ(a)(Á ≠ ÷), Á ≠ ÷Í + o(ÎÁ ≠ ÷Î
2)

and the set of separating points
)
a : BÂ(a|b) = BÂ(a|b

Õ)
*

is an hyperplane between
b and b

Õ. These properties make Bregman divergence suitable to replace Euclidean
distances in first order optimization methods. The best know example is mirror gradient
descent [Beck and Teboulle, 2003], which is an explicit descent step of the form (9.32).
Bregman divergences are also important in convex optimization, and can be used for
instance to derive Sinkhorn iterations and study its convergence, see Remark 4.7. While
KL is both a Ï and a Bregman divergence, these are radically di�erent concepts. In
particular, to generalize formula (8.5) to non-discrete measures on some space X , one
needs to fix a reference measure › and consider only measures –, — with square integrable
densities d–

d›
, d—

d›
œ L2(d›). For some strictly convex Â : L2(d›) æ R, one then defines

the Bregman divergence as

BÂ,›(–|—) def.= Â
3d–

d›

4
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3d—

d›

4
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⁄
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(x)

4
d›(x)

where ÷ = ÒÂ
1

d—

d›

2
œ L2(d›) is the gradient [Rao and Nayak, 1985, Jones and Byrne,

1990].
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Remark 8.2 (Hyperbolic geometry of KL). It is interesting to contrast the geometry of
the Kullback-Leibler divergence to that defined by quadratic optimal transport when
comparing Gaussians. As detailed for instance by Costa et al. [2015], the Kullback-
Leibler divergence has a closed form for Gaussian densities. In the univariate case,
d = 1, if – = N (m–, ‡2

–) and — = N (m—, ‡2
—
), one has

KL(–|—) = 1
2

A
‡2

–

‡2
—

+ log
A

‡2
—

‡2
–

B

+ |m– ≠ m—|

‡2
—

≠ 1
B

. (8.6)

This expression shows that the divergence between – and — diverges to infinity as ‡—

diminishes to 0 and — becomes a Dirac mass. In that sense, one can say that singular
Gaussian are infinitely far from all other Gaussians in the KL geometry. That geometry
is thus useful when one wants to avoid dealing with singular covariances. To simplify
the analysis, one can look at the infinitesimal geometry of KL, which is obtained by
performing a Taylor expansion at order 2

KL(N (m + ”m, (‡ + ”‡)2)|N (m, ‡2)) = 1
‡2

31
2”2

m + ”2
‡

4
+ o(”2

m, ”2
‡).

This local Riemannian metric, the so-called Fisher metric, expressed over (m/
Ô

2, ‡) œ

R ◊ R+,ú, matches exactly that of the hyperbolic Poincaré half-plane. Geodesics over
this space are half circles centered along the ‡ = 0 line, and have an exponential speed,
i.e. they only reach the limit ‡ = 0 after an infinite time. Note in particular that if
‡– = ‡— but m– ”= m–, then the geodesic between (–, —) over this hyperbolic half plane
does not have a constant standard deviation.

The KL hyperbolic geometry over the space of Gaussian parameters (m, ‡) should be
contrasted with the Euclidean geometry associated to OT as described in Remark 2.31,
since in the univariate case

W
2
2(–, —) = |m– ≠ m—|

2 + |‡– ≠ ‡—|
2. (8.7)

Figure 8.3 shows a visual comparison of these two geometries and their respective
geodesics. This interesting comparison was suggested to us by Jean Feydy.

Example 8.2 (Total variation). The total variation distance TV def.= DÏTV is the diver-
gence associated to

ÏTV(s) =

Y
]

[
|s ≠ 1| for s Ø 0,

+Œ otherwise.
(8.8)

It actually defines a norm on the full space of measure M(X ) where

TV(–|—) = Î– ≠ —ÎTV , where Î–ÎTV = |–|(X ) =
⁄

X

d|–|(x). (8.9)

W2
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*EFB� 4PGUFO UIF DPOTUSBJOU (⇡�,⇡�) = (↵,�) XJUI '�EJWFSHFODFT�

%FݭOJUJPO � 6OCBMBODFE 05�
'PS BOZ QPTJUJWF NFBTVSFT (↵,�) POF EFݯOFT
605(↵,�) = inf⇡�� L605(⇡) XIFSF
L605(⇡)

EFG�
=

X

J,K
$JK⇡JK + %'(⇡�|↵) + %'(⇡�|�).

מ � DIPJDFT� USBOTQPSU WT DSFBUF�EFTUSPZ
מ $IBSBDUFSJTUJD SBEJVT� ⇢,- ⇢57 ⇢ > �
מ #BMBODFE 05 � ⇢ ! 1 PS %' = ◆(=)�

�-JFSP .� .JFMLF "� � 4BWBS© (� 	����
� 0QUJNBM FOUSPQZ�USBOTQPSU QSPCMFNT BOE B OFX )FMMJOHFSב,BOUPSPWJDI
EJTUBODF CFUXFFO QPTJUJWF NFBTVSFT�

��

<latexit sha1_base64="tVnu8Kir/+MWlk12MF7yJLQnOHI="></latexit>

min
⇡>0

⇢Z
c(x, y)d⇡(x, y) + ⇢D'(⇡1|↵) + ⇢D'(⇡2|↵) ; ⇡1 = ↵,⇡2 = �

�

<latexit sha1_base64="kirntzXVH/iugyMmA/BtW7Lotzg="></latexit>

⇢ ⇡ tranportation radius

<latexit sha1_base64="YXqWFiKC2jWBJ/Qepy3AWC8vdck="></latexit>

[Liero, Mielke, Savare, 2018]

<latexit sha1_base64="2SgW6NX4rGslmuFdIvdx/un4ewU="></latexit>

Balanced OT:
<latexit sha1_base64="wMkYwmi+6tc2ujdYMGdB1EMOSm4="></latexit>

⇢ ! +1 or ' = ◆{1}

<latexit sha1_base64="NQmlgszcerClLOP8AIRb0FSQzqc="></latexit>

OT⇢(↵,�) ,

<latexit sha1_base64="3RiYKG2xAdcNHvLHst0EEfpxkg8="></latexit> la
rg
e
⇢

<latexit sha1_base64="VN/cq06J9OblhiIX1ZwMFglYflk="></latexit> sm
al
l
⇢

<latexit sha1_base64="xuBB/Q1ka3gCIE91auqvoIDuyj8="></latexit>

=
���
���

s
d↵

d�
� 1

���
���
2

L2(d�)

<latexit sha1_base64="247Cs6Do5604gYRhD60IOMcdHDQ="></latexit>

for KL

<latexit sha1_base64="EgBg4+2+tra+ryqPTGaZxz6l5LA="></latexit>

⇢!0�! min
µ>0

D'(µ|↵) + D'(µ|�)
<latexit sha1_base64="1QW8ZW6dJQcm6P6iYf9dbypt+Nw="></latexit>

1
⇢OT⇢(↵,�)



Unbalanced Sinkhorn

<latexit sha1_base64="/YN/ujPOoo8YMBBGa0i5UwKRcbQ="></latexit>

Soft c-transforms:

<latexit sha1_base64="LSOgoRwgZhgnFk4APPU2vAeG5k8="></latexit>

Anisotropic prox:

<latexit sha1_base64="2MBLt4iDuLeJuW4ORuzjJFQGklo="></latexit>

Proposition: Sinkhorn (alternate maximization)

6OCBMBODFE 4JOLIPSO BMHPSJUIN

%FݯOF UIF GPMMPXJOH UXP PQFSBUPST�
מ 4PGUNJO� 4NJO↵" (G ) , �" log

P
J F�GJ/"↵J

מ "OJTPUSPQJD QSPY���
"QSPY"'⇤(Q) , argminR2R " exp(Q�R" ) + '⇤(R) 2 R

1SPQPTJUJPO � 605 4JOLIPSO BMHPSJUIN
"MUFSOBUF EVBM BTDFOU PO D"(G , H) SFBET
GJ  �"QSPY"'⇤

⇥
� 4NJO↵"

�
$J· � H·

�⇤
,

HK  �"QSPY"'⇤
⇥
� 4NJO�"

�
$·K � G·

�⇤
.

4PMWF EVBM ) 4PMWF QSJNBM� ⇡?
JK = exp((G ?J + H?K � $JK)/")↵J�K �

3NL� (16�DPNQBUJCMF BOE "QSPY"'⇤ PGUFO JO DMPTFE GPSN�

��$PNCFUUFT 1� -� � 3FZFT /� /� 	����
� .PSFBVוT EFDPNQPTJUJPO JO #BOBDI TQBDFT��

��

<latexit sha1_base64="qzh8hQru/imAYuW6TAoztvqwNvU="></latexit>p

<latexit sha1_base64="CqbJWO8eTzFgpEp0yHenaYyqJ1w="></latexit>

f c,"(y) , �" log
R
e

c(x,y)�f(x)
" d↵(x)

<latexit sha1_base64="A2d//gd+9M/aGku+/7TEuS6VlTE="></latexit>

f  �"Aprox'⇤
"
(�gc,")

<latexit sha1_base64="xygcbNHg834G3wVV4lAopbSUHaY="></latexit>

g  �"Aprox'⇤
"
(�f c,")

<latexit sha1_base64="oh1qKpp6LC3GTW0ZFcDzdPHeM9o="></latexit>

min
⇡1=↵,⇡2=�

Z
cd⇡ +D'(⇡1|↵) + D'(⇡2|↵) + "KL(⇡|↵⌦ �)

<latexit sha1_base64="uDdtYEERUq3U8ufJtY18QXBeQSE="></latexit>

⇡ = e
f�g�c

" ↵⌦ �
<latexit sha1_base64="6kD/MmBkUuKEUe1a4DXGYSAucyg="> </latexit>

sup
f,g

�
Z

'⇤(f(x))d↵(x)�
Z

'⇤(g(x))d�(x)� "

Z
e

f�g�c
" ↵⌦ �

<latexit sha1_base64="mNut0HIGVXMtQPg9HrumXunfHDU="></latexit>

Aprox'⇤(p) , argmin
q2R

ep�q + '⇤(q) <latexit sha1_base64="UYA2J8WGr1BH/5b06AY+r7Zywi4="></latexit> A
p
ro
x '

⇤
(p
)

<latexit sha1_base64="TRTC3oIzAwyK38uXmSRF8kVxzfQ="></latexit>

Example: D' = ⇢KL
<latexit sha1_base64="KvHcpM3AwhEBknW64CqtXvZ09xU="></latexit>

f  ⇢
"+⇢g

c,"
<latexit sha1_base64="sD5/uEhDuCbPbHbQe44a1I0jHgk="></latexit>

g  ⇢
"+⇢f

c,"



Distance Properties
<latexit sha1_base64="I3+zP7u1y7gmq8+RiRgHJLYPAC0="></latexit>

UOT(↵,�)2 , min
⇡1=↵,⇡2=�

Z
c(x, y)d⇡(x, y) + KL(⇡1|↵) + KL(⇡2|↵)

<latexit sha1_base64="gMVxdeBgyEbj9t7YE8BmeDc9Dmg="></latexit>

Theorem:
<latexit sha1_base64="Y6LLVLimJuFcNNs1xUVL7PpzlHU="></latexit>

UOT is a distance on positive measure for

<latexit sha1_base64="QPKZ7pHdD4S6V3mt+Q3oN8z8qqk="></latexit>

c(x, y) = d(x, y)2
<latexit sha1_base64="y4J/sQpA5Q5Y3GIG8yWXSjHPERw="></latexit>

[Gaussian-Hellinger]

<latexit sha1_base64="NcYeCV+VRvKXCuO6aXFUKfzL6KY="></latexit>

[Wasserstein-Fisher-Rao /
<latexit sha1_base64="5UlRtMktz2J+G03TcawPUZ72qwg="></latexit>

Kantorovitch-Hellinger]

[Liereo, Mielke, Savaré 2015]

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Kondratyev, Monsaingeon, Vorotnikov 2015]
<latexit sha1_base64="tqgdYrAB1bcfwx8leLCnnwuMU4w="></latexit><latexit sha1_base64="tqgdYrAB1bcfwx8leLCnnwuMU4w="></latexit><latexit sha1_base64="tqgdYrAB1bcfwx8leLCnnwuMU4w="></latexit><latexit sha1_base64="tqgdYrAB1bcfwx8leLCnnwuMU4w="></latexit>

<latexit sha1_base64="OvnUnIzkPDgrK7dPjwA7TLK7cC8="></latexit>x� y
<latexit sha1_base64="neqa4kPspuBvhtDz8wlWRMnFvcQ="></latexit>

⇡/2
<latexit sha1_base64="iC/9FC9g2tDyz4PB4TSep4LnF10="></latexit>

�⇡/2
<latexit sha1_base64="gKSMEvQgnaLmFGqrJizyp+FN8sg="></latexit>

|x� y|2

<latexit sha1_base64="RB9agd7Bb5oVKwsOu+tkARBf/0o="></latexit>

c(x, y) = � log(cos(⇡2 ^ d(x, y)2)

<latexit sha1_base64="yaK1mgJCBwuLwHfRDIJGwf0R6q4="></latexit>

� log(cos(⇡2 ^ |x� y|)2)



Dynamical Formulation

↵
<latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit>

�
<latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit>

Hellinger
<latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit>

Balanced
<latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit>

R
(
p
↵�

p
�)2

<latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit>

<latexit sha1_base64="NBmZs46/Nvn8Oy1vZykwfUio/B4="></latexit>

⇢ ! 0
<latexit sha1_base64="vUGdK/bjuO4Q0QapvKa276hNHfo="></latexit>

⇢ ! +1<latexit sha1_base64="DaliLLYiGEMmr5brt5me4TRhgQU="></latexit>

Unbalanced

<latexit sha1_base64="Sg7Rs9UEDZhGNe3a0x+zEgxM6+E="></latexit>⇢t

<latexit sha1_base64="IeQfqQ7RLIwpfm5QPqa3OQHS2sQ="></latexit>!t

<latexit sha1_base64="pe0kPFhAh2yHYovolnCE0KMmC3U="></latexit>

⇠t
<latexit sha1_base64="WJ3wsz78mfMmKYeDxtXu9B5xyb4="></latexit>

Kantorovitch-Hellinger

<latexit sha1_base64="zzvO0hM+ekglLHbu4ChqCDZKFv4="></latexit>

Wasserstein-Fisher-Rao /

<latexit sha1_base64="meocqMwmb8R1eCN6N/fYVAQtAPw="></latexit>

UOT(↵,�)2 = min
µ0=↵,µ1=�

⇢Z 1

0

Z

Rd

||!t||2 + ⇢⇠2t
µt

dxdt : @tµt + div(!t) = ⇠t

�
<latexit sha1_base64="5pCRZLKZFB2R4l8y20vnU2gb7Fo=">AABE83ictVzbchy3EYWcm6PcJOcxL+PQSskpWaFoJY7tSpUlLkXRoiRKu6RkayXVXobLlWZ3VnsjpTW/JJWXVCp5yjfkO/IBqUqe8gvpCzDA7GKmMYzMKXIxWJzuRg/Q6G5g2B4l/cl0ff2f5975zne/9/0fvPvD8z/68U9++rMLF987mKSzcSfe76RJOn7cbk3ipD+M96f9aRI/Ho3j1qCdxI/aLzfx+0fzeDzpp8PG9PUofjpo9Yb9w36nNYWq5xcuNqfxCeAWjaM4HceDz06fX1hbv7pOP9Fq4ZourCn9s5defP9fqqm6KlUdNVMDFauhmkI5US01geuJuqbW1Qjqnq </latexit>

Theorem:

<latexit sha1_base64="yUiBwaibjL+BA/nQRgieaqd0fDM="></latexit>

c(x, y) = � log(cos( 1
2⇢ ||x� y|| ^ ⇡

2 )
2)



Dynamical Formulation

↵
<latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit>

�
<latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit>

Hellinger
<latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit>

Balanced
<latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit>

R
(
p
↵�

p
�)2

<latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit>

<latexit sha1_base64="NBmZs46/Nvn8Oy1vZykwfUio/B4="></latexit>

⇢ ! 0
<latexit sha1_base64="vUGdK/bjuO4Q0QapvKa276hNHfo="></latexit>

⇢ ! +1<latexit sha1_base64="DaliLLYiGEMmr5brt5me4TRhgQU="></latexit>

Unbalanced

<latexit sha1_base64="Sg7Rs9UEDZhGNe3a0x+zEgxM6+E="></latexit>⇢t

<latexit sha1_base64="IeQfqQ7RLIwpfm5QPqa3OQHS2sQ="></latexit>!t

<latexit sha1_base64="pe0kPFhAh2yHYovolnCE0KMmC3U="></latexit>

⇠t
<latexit sha1_base64="WJ3wsz78mfMmKYeDxtXu9B5xyb4="></latexit>

Kantorovitch-Hellinger

<latexit sha1_base64="zzvO0hM+ekglLHbu4ChqCDZKFv4="></latexit>

Wasserstein-Fisher-Rao /

<latexit sha1_base64="meocqMwmb8R1eCN6N/fYVAQtAPw="></latexit>

UOT(↵,�)2 = min
µ0=↵,µ1=�

⇢Z 1

0

Z

Rd

||!t||2 + ⇢⇠2t
µt

dxdt : @tµt + div(!t) = ⇠t

�
<latexit sha1_base64="5pCRZLKZFB2R4l8y20vnU2gb7Fo=">AABE83ictVzbchy3EYWcm6PcJOcxL+PQSskpWaFoJY7tSpUlLkXRoiRKu6RkayXVXobLlWZ3VnsjpTW/JJWXVCp5yjfkO/IBqUqe8gvpCzDA7GKmMYzMKXIxWJzuRg/Q6G5g2B4l/cl0ff2f5975zne/9/0fvPvD8z/68U9++rMLF987mKSzcSfe76RJOn7cbk3ipD+M96f9aRI/Ho3j1qCdxI/aLzfx+0fzeDzpp8PG9PUofjpo9Yb9w36nNYWq5xcuNqfxCeAWjaM4HceDz06fX1hbv7pOP9Fq4ZourCn9s5defP9fqqm6KlUdNVMDFauhmkI5US01geuJuqbW1Qjqnq </latexit>

Theorem:

<latexit sha1_base64="yUiBwaibjL+BA/nQRgieaqd0fDM="></latexit>

c(x, y) = � log(cos( 1
2⇢ ||x� y|| ^ ⇡

2 )
2)



Dynamical Formulation

↵
<latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit><latexit sha1_base64="UmGBMe8dDT1vCDGYAUViX5jqWMI="></latexit>

�
<latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit><latexit sha1_base64="PoNWpgDdW3Al4TFLE3jlsBfjDfg="></latexit>

Hellinger
<latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit><latexit sha1_base64="yLzRyVx8zKuy3jBpOdhbuG9NiB4="></latexit>

Balanced
<latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit><latexit sha1_base64="B1TvFSVWEK3L7Btw/9Bp9dLVE2I="></latexit>

R
(
p
↵�

p
�)2

<latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit><latexit sha1_base64="UAg0Hmft6UgrJoG/nRZdITNzJv0="></latexit>

<latexit sha1_base64="NBmZs46/Nvn8Oy1vZykwfUio/B4="></latexit>

⇢ ! 0
<latexit sha1_base64="vUGdK/bjuO4Q0QapvKa276hNHfo="></latexit>

⇢ ! +1<latexit sha1_base64="DaliLLYiGEMmr5brt5me4TRhgQU="></latexit>

Unbalanced

<latexit sha1_base64="Sg7Rs9UEDZhGNe3a0x+zEgxM6+E="></latexit>⇢t

<latexit sha1_base64="IeQfqQ7RLIwpfm5QPqa3OQHS2sQ="></latexit>!t

<latexit sha1_base64="pe0kPFhAh2yHYovolnCE0KMmC3U="></latexit>

⇠t
<latexit sha1_base64="WJ3wsz78mfMmKYeDxtXu9B5xyb4="></latexit>

Kantorovitch-Hellinger

<latexit sha1_base64="zzvO0hM+ekglLHbu4ChqCDZKFv4="></latexit>

Wasserstein-Fisher-Rao /

<latexit sha1_base64="meocqMwmb8R1eCN6N/fYVAQtAPw="></latexit>

UOT(↵,�)2 = min
µ0=↵,µ1=�

⇢Z 1

0

Z

Rd

||!t||2 + ⇢⇠2t
µt

dxdt : @tµt + div(!t) = ⇠t

�
<latexit sha1_base64="5pCRZLKZFB2R4l8y20vnU2gb7Fo=">AABE83ictVzbchy3EYWcm6PcJOcxL+PQSskpWaFoJY7tSpUlLkXRoiRKu6RkayXVXobLlWZ3VnsjpTW/JJWXVCp5yjfkO/IBqUqe8gvpCzDA7GKmMYzMKXIxWJzuRg/Q6G5g2B4l/cl0ff2f5975zne/9/0fvPvD8z/68U9++rMLF987mKSzcSfe76RJOn7cbk3ipD+M96f9aRI/Ho3j1qCdxI/aLzfx+0fzeDzpp8PG9PUofjpo9Yb9w36nNYWq5xcuNqfxCeAWjaM4HceDz06fX1hbv7pOP9Fq4ZourCn9s5defP9fqqm6KlUdNVMDFauhmkI5US01geuJuqbW1Qjqnq </latexit>
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FIGURE 1.6 Example of cone extracted from [104]. Here - is a piece of circle whose angles G lie
in [0, 3c

4 ], endowed with the ground (geodesic) distance 3- (G1, G2) = |G1 � G2 | for (G1, G2) 2 - .
The cone C[- ] is represented in blue and embedded in R2 via (H1, H2) = (A cos G, A sin G) . Three
geodesics in C[- ] are represented. Note the bottom geodesic has a shortest path passing via the
cone’s apex.

1.3.3 Conic formulation
This section focuses on another formulation of unbalanced OT, which is proved
in [103] to be equivalent to the UOT formulation (Definition 5). This second
formulation is useful to prove metric properties of UOT. This formulation was
adapted to the setting of Gromov-Wasserstein distances to extend it for the
unbalanced setting (see Section 1.5.2 or [151]).

We detail below the principle of the conic formulation, as well as its derivation
to provide understanding on its link with UOT. Then we present its metric
properties, and review explicit settings existing in the literature.

Conic lifting. Informally, this lifting corresponds to map a weighted Dirac
mass AXG 2 M

+
(-) to X (G,A ) , where (G, A) 2 - ⇥ R+ and A is the particle’s

mass. This lifts the space - into - ⇥ R+, more precisely it is lifted onto the
cone C[-] , (- ⇥ R+)/⌘, where the equivalence relation on - ⇥ R+ reads
[G, A] ⌘ [H, B] , (A = B = 0) or (G = H and A = B). Note that having A = B = 0
corresponds to compare two particles with no mass, thus their positions do not
matter and are considered to be equal w.r.t. ⌘. Geometrically, such samples are
located at the apex of the cone, and the notation [G, A] 2 C[-] emphasizes the
quotient at the apex (compared to (G, A) 2 - ⇥ R+).

Lifting positive measures on a cone. Given a positive measureU 2 M
+
(-) one

can lift it as a measure defined over C[-] (i.e. in M
+
(C[-])). One admissible

lift of U is p
•
(U ⌦ X1), where p(G, A) , [G, A] is the canonical injection from

- ⇥ R+ to C[-]. In the case of a Dirac AXG this lift is AX [G,1] . However, more
elaborate lifts are possible, and play a key role in the analysis of metric properties.
In particular, one can show that it is always possible to lift a positive measure
to a probability distribution in M

+

1 (C[-]), in order to re-cast unbalanced OT

Conic Formulation
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