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Our bodies are made of 20 trillion cells

Loose connective tissue

acts as padding under Bone and cartilage are connective tissues made up of cells
skin and elsewhere. in a hard or stiff extracellular matrix,




DNA stores the genetic code in 20,000 genes
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Each cell has the same DNA but expresses different genes

Cells in the brain perform
different functions:

Neurons process information
Astrocytes support neurons
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Each cell has the same DNA but expresses different genes

The intestine is the most regenerative
organ in the human body.

It completely regenerates the lining
every 5 days!




Single cell RNA sequencing
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Cells are isolated together with
barcoded beads in dropletts
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Cell membranes are lysed and
mMRNA is captured by beads



mRNA is captured on beads



MRNA molecules are extended to
include bead barcodes
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Barcoded mRNA molecules are
then pooled together and sequenced



Single cell RNA seq reveals the vectors of cell identity
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Clustering groups cells by cell type
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Differential expression reveals identity of each type

Bl Neuron Bl Oligodendrocyte I Endothelial cell ] Pericyte Macrophage
[l Microglia Bl Astrocyte Bl OPC Muscle cell



How do these different cell types arise?

fertilised egg Waddington’s “Epigenetic Landscape”
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How do these different cell types arise?

fertilised egg Waddington’s “Epigenetic Landscape”

l

undifferentiated cell

totipotent stem cells

l

blastocyst containin?
pluripotent stem cells

VAR B

N

&> W e
hematopoettic SCs neural SCs mesenchymal SCs
tissue-specific SCs

L1

blood cells  cells of nervous system  CONNEctive issue,
: g bones, cartilage, etc.

stable minima (differentiated cells)



Defining developmental trajectories

Cells change gene expression over time.
Cell division creates branching paths.

Measurement kills cells so we cannot observe paths!

gene 2

gene 1



Developmental time courses with scRNA-seq
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Defining developmental stochastic processes

/Ytl,tg
e Py |
/Ytg,tg
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Goal: infer y¢, ¢, from independent samples.



How can we estimate joint distributions?

Example. Consider a pair of random variables

Xpo ~ N(0,0'2) and X1 ~ N(ﬂ'a 02)

How can we estimate the joint distribution?
If X, is close to X,, then estimate:

4 arg min E. | X — X1 ||?
v

Solution: X7 = Xy + i



Approach: optimal transport
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Par M. M ONGE

Lonsqu'ou doit teanfporter des terres d'un lieu dans un
autre, on a coutume de donner le nom de Deéblai au
volume des terres que 'on doit tranfporter, & le nom de
Remblai i Vefpace qu'elles doivent occuper apres le tranfport.

Le prix du tranlport d'une molécule étant, toutes choles
d'ailieurs égales, progortionnel 4 fon poids & i l'elpace®u'on
Jui fait parcourir, & par conféquent le prix du traniport total
devant étre proportionnel i la fomme des produits des molé-
cules mulipliées chacune par V'elpace parcouru , il senlut
que le déblai & le remblai étant donnés de figure & de
pofition, il n'eft pas indifférent que telle molécule du déblai
foit tranfportée dans tel ou tel autre endroit du remblai,
mais qu'il y a une certaine diftribution i faire des molécules
du premier dans le fecond, d'apres laquelle la fomme de ces
produits fera la moindre pofflible, & le prix du traniport total
fera un mimimun.

Gaspard Monge, 1781

Mem de (Ade R dee Se An . 170 . Lige T4 7L XV .D

Frg. 1
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* Transport grain-by-grain to minimize total work
e Application to creating military fortifications

e Earliest anticipation of Linear Programming.

Monge, 1781. Kantorovich, 1940.



Optimal transport

computer graphics ® pure math (PDE, differential geometry) ¢ statistics ® economics ® fluid mechanics

Solomon et al. 2015



Transport plan redistributes mass

The optimal transport plan minimizes the expected cost:

2 o(z,y) = / / o2, el e, o3kl




Optimal transport is a linear program

mmlmlze |l — y|?

subject to




OT stochastic processes
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OT stochastic processes

Intuition
In the space of distributions with the OT metric,
the process is locally linear:




OT stochastic processes

Intuition Biological considerations:
In the space of distributions with the OT metric,
the process is locally linear: 1. Classical OT conserves mass.
But cells can proliferate!
Dt3 2. As alinear program, OT gives a
A deterministic coupling.
. But cells can be partially fated!
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Developmental temporal coupling with growth

Definition

e Let Y;, denote a random cell at time .

e Let A;, denote its ancestor at time ¢;.

® v, t, is the distribution of (A, Y:, ).

The marginals of v, ¢+, are

gene 2

/ V00 (@, y)dz = Py, (3)

/Vh,tz (ZB, y)dy — Ph (aj)g(m)tz—tl At

for some growth function g with [ g(z)2tdPy, (z) = 1.

gene 1



Optimal transport for proliferating cells

Tty ty = argmm / / c(x,y)m(x,y)dxdy

subject to / (z,y)dz = dP;, (y)

[ 7@y = db, @3t



Optimal transport for proliferating cells

Estimate a growth function, g(x)2¢, that scales transported mass

g(z)=

— \

m(x, )

o ———
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Optimal transport for proliferating cells

Estimate a growth function, §(x)2¢, that scales the transported mass

g(z)>

596/ \m.
A

At:tz_tl



Biological considerations:

1. Classical OT conserves mass. /

But cells can proliferate!

2. As alinear program, OT gives a
deterministic coupling.
But cells can be partially fated!

—



Biological considerations:

1. Classical OT conserves mass. /

But cells can proliferate!

2. As alinear program, OT gives a
deterministic coupling.
But cells can be partially fated!
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Ancestors, descendants, and entropy

xlo oooojfn ]P)tl
columns specify “ancestors” rows specify “descendants”
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Entropy regularization

Mty ty = argmin / / c(xz,y)m(x,y)drdy — eH(m)
subject to /7?(:1:, y)dx = dﬁ”tz (y)

[ 7@y = ab, @3t

Sinkhorn Distances: Lightspeed Computation of Optimal Transport. M. Cuturi (2013).



Ancestors, descendants, and entropy
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The benefits of entropic regularization

Biological Statistical Computational
To what extent are Given that we only have Entropy regularization
cells fated? finitely many samples, makes the optimization
we assign cells multiple objective strongly convex
descendants to avoid and easy to solve quickly.
“overtfitting”.

Theoretical justification: stay tuned for Part



Interpreting entropy regularization: Schrodinger bridges

Phot rt f L. Chizat
Theorem: (Schrodinger, 1932) OIo COHIESY O <

Entropically reqgularized transport map gives expected coupling of
indistinguishable particles undergoing Brownian motion.



Unbalanced transport

Ty, t, = argmin // c(x,y)m(x,y)dxdy — eH ()
subject to /77(:13, y)dr ~ d/:th (y)

/W(x, y)dy ~ d

Scaling algorithms for unbalanced transport. L. Chizat et al., 2016.



Inferring developmental trajectories with optimal transport




Reprogramming fibroblasts to iPSCs

Philippe
Rigollet

Aviv
Regev

Eric
Lander

2° mouse 29 MEFs 29iPSCs
£13 5 Secondary reprogramming
;% Z ? ’ ﬁ ,/
media Phase-1 (Dox) Phase-2 (2i)
Ectopic IPSCs
expressipon OCt4, SOXZ, Klf4, WC .:‘ T EEEEEX o
D.o............. Da ‘
Days Every 12h

Collections Every 12h 6h iP§Cs

Phase-2 (serum)

Schiebinger, Shu, Tabaka, Cleary, et al. Cell 2019
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Diverse cell types arise during reprogramming

Stromal




Trajectories of stem cell reprogramming Ancestors of Stromal

IPSCs
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Validation by geodesic interpolation

Analysis: Result: Inferred distribution at t, matches
e Compute optimal transport from t; to t; observed distribution at t,
e Infer distribution at time t, almost as well as one batch at t,
e Compare to observed distribution at t, matches other batch at t,

Interpolation (serum)
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Learning gene regulatory models

IN=
NN e

Model time dependence of P; as arising from pushing it through N L A L I
a differential equation % = f(x)

In discrete time

Xt, — Xt4

At _ f(xtl)' S B D 2 D D B B

2

Use estimated couplings 7t to generate training pairs (x; , x;,) \
and learn fvia regression \

minifmize

|| e, — f(xh)HQ + reg(f)




Learning gene regulatory models

Experimental Validation:
We get more stem cells!
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Zfp4d2 Obox6 Control

Prediction:
Obox6 drives cells towards iPSCs

Oct4-EGFP* colonies




Predicted interactions between iPS and Stromal

Cell-cell interactions
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Rediscovering Gene Regulation in Sea Urchin

mat. b.catenin
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Perspective on experimental design

IPSC Reprogramming

The number of time-points determines the “size of the dataset”.
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Schiebinger, Current Opinion in Systems Biology 2021 Proportion of Data



Wasserstein Regression
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Wasserstein Regression

Marginals in X Curve in P(X)
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OT captures Waddington’s landscape

Theorem

Let P be law of trajectories from SDE: ’/\
BN
dXt — —V\I](t, Xt) dit + O dBt |

Let W¢ be trajectories of Brownian motion.

For any other trajectories R, with the same
marginals,

H(P|W?) < H(R|W?)

This means we can recover P from snapshots! X /
dX; = — VWV (.X;)dt dB
Lavenant et al, 2021 arxiv \ o V (' t)dt + od B




Optimal transport and entropy minimization

Min Ent Min Ent

, , Entropic OT
over coupling matrices

over space of paths over coupling matrices
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Optimal transport and entropy minimization

Min Ent Min Ent ' , Entropic OT
over space of paths over coupling matrices over coupling matrices
min;?r?fige H (7|W*°) feli?gl(i}cll gce) H (] K) g%l(iglj?\% Z c(z,y)n(z,y) + eH ()
™e x,Yy
t. =
st mo= po st 2 @) =il st S w(@y) = o)
T = M1 Y
m(z,y) = p1(y)
- > na,1) = o)
//. A @
/'/V




Optimal transport and entrcpy minimization

H(m|K) = Zﬂ”
Min Ent Min Ent |' Entropic OT
over space of paths over coupling matrices over coupling matrices
. . . H K K: —Q . . .
minimize  H (R|W) minimize  H(rK) minimize Zc (z,y)m(x,y) + eH(m)
ReP (K2
s.t. T(T,Y) = UolX
S.t. Ro = U0 ; () 0(2) S.t. Zw a:,y =
R = iy m(z,y) = p1(y) y
2 > r(e,1) =
//. g e
//




OT captures Waddington’s landscape

Theorem

Let P be law of trajectories from SDE:

Therefore “entropic OT"” recovers the true trajectories
from fully observed marginals

dXt — —V\P(t, Xt) dt + O dBt

Let W@ be trajectories of Brownian motion.

For any other trajectories R, with the same
marginals,

H(P|W?) < HR|[W?)

This means we can recover P from snapshots!

Lavenant et al, 2021 arxiv



OT captures Waddington’s landscape

Theorem

Let P be law of trajectories from SDE:

Therefore “entropic OT"” recovers the true trajectories
from fully observed marginals

dXt — —V\If(t, Xt) dt + O dBt

Let W@ be trajectories of Brownian motion.

For any other trajectories R, with the same
marginals,

H(P|W?) < HR|[W?)

This means we can recover P from snapshots!

. What about finite data?
Lavenant et al, 2021 arxiv



Trajectory inference via Min Ent (in path space)

Estimator Min-entropy relative to Wiener measure

R* .= argmin F(R), F(R) = Fity,(Ry,...,Re;) +TH(R|WT)
ReP(£2)

e W™ € P(Q) is the law of the Brownian motion at
temperature 7 (reversible, reflected, on X)

o H(ulv) = [log(du/dv)du is the relative entropy

e see next slide for Fit) ,

Theorem [Lavenant et al. 2021}

If (ti)ic[7) becomes dense in [0,1] as T grows, then

im lim R* =P weakly, a.s.
Ao—0 T—o00




Data fitting term

-
. 1 — A
Fitxo(Rey, -+ Rer) = 5 > (At)Fity (R, |Py,)

=1

Log-likelihood fitting loss

Let Pf‘\ﬂb be the neg-log-likelihood under noisy observation model
Xoj =Xy +0Zij, Xgj~ Ry Zij~N(0,1)

Fito (R, By) = [ —tog ( [ (~ 2 IL) ar, () 0B )

e Convex, smooth In R: as nice as one could hope



How can we solve this optimization problem?

F(R) == Fity o(Ry, ..., Re,) + TH(RIWT)

R* := argmin F(R)

e Well-posed convex optimization problem over P(£2)
e Discretize then optimize approach is tractable...

~ reduction from P(Q) to P(X)' thanks to the Markovian

REP(Q) structure (Benamou et al. 2018), (Lavenant et al. 2021)
| =1 | = 2 | = 3 | =4
3 ST 3.4 3 4 C o
5 21 2} 2 - 2 - i
E
81 - 1- 1- 1- 1-
0 - 0 - 0 - 0 - 0 -
0 2 4 (l) 2 4 0 4 0 2 4 0 2

Waddington-OT

0.5 1.0




How can we solve this optimization problem?

F(R) == Fity o(Ry, ..., Re,) + TH(RIWT)

R* := argmin F(R)

e Well-posed convex optimization problem over P(£2)

e Discretize then optimize approach is tractable...
~ reduction from P(€Q) to P(X)" thanks to the Markovian

ReP(£2) structure (Benamou et al. 2018), (Lavenant et al. 2021)
e ... but not satisfying (curse of dimensionality)
| =1 | = 2 | = 3 | =4
ch o 3.4 S - C
35 2- 2 - 2 - 2 - 2 -
&
8 1- 1 - 1 - 1 - 1 -
0 - 0 - 0 - 0 - 0 -
0 2 4 (l) 2 4 0 4 (l) 2 4




Aside: What about a simpler approach?

Locally-weighted averaging is a simple approach to function approximation:

N w
1 1

Sample
=

o
]




How can we solve this optimization problem?

F(R) = Fityxo(Re,-.., Re;) + TH(R|WT) o Well-posed convex optimization problem over P(£2)
e Discretize then optimize approach is tractable...

R* := argmin F(R) ~ reduction from P(€) to P(X)' thanks to the Markovian
REP(£2) structure (Benamou et al. 2018), (Lavenant et al. 2021)
e ... but not satisfying (curse of dimensionality)

=1 dmd. Can we design a free-support method that computes the

min-entropy estimator R* 7

Sample
o [ N w
1 1 1 L

1_

o = N w
I 1 1 1

o - N w
] 1 1 1

0..




A definition

Let M, ) be the set of transport plans between u,v € P(X).
X C RY compact.

Entropic Optimal Transport

T-(u,v) = min /CT(X, y)dy(x,y) + TH(v|p @ v)
veM(p,v)

where ¢, (x, y) — 3 LIly — x||? is the log-heat-kernel on X'

e differentiable in (u,v),
e first variation given by the “stable” dual potentials (¢, %)
e [, Isconvex In i and v separately

o T, (u,v)+ TH(u) is jointly convex



A "representer theorem”

Path-space formulation over P(2):
F(R) = Fit(Ry,, ..., Re.) + TH(R|W™)

Reduced formulation over P(X)':

T—1 T
. 1
F(p) = Fit(py, - por) + D o Trag(i i) +7 ) H(wi)
i=1 ’ i=1
N——
G(p) H(w)

T heorem [Chizat et al 2022] [Lavenant et al 2021]

There is a computable bijection between minimizers of F and F.

e G is not convex but G + 7H is

e Apply MFL to F. = G + (7 + €¢)H for some € > 0

In (Chizat, Zhang, Heitz, Schiebinger, 2022)
Adapted from (Benamou et al. 2019), (Lavenant et al. 2020)



Langevin Dynamics

e Goal: given V € C?(X), sample from x e=V/", 7 > 0.
e Noisy GD:

id
Xiy1 = —nVV(X) +/2mmZk, Xo~ po, Zx ~N(0,1)

e As n — 0, converges in law to a Langevin Dynamics (t = kn):
dX; = =V V(X;)dt + V27dB;, Xo~ po, B: Brownian process

e Moreover u; = Law(X;) follows the Fokker-Planck equation:

Orpe =V - (ueVV) + TApe,  po given
N——

N— ———
drift diffusion

NB: do not confuse optimization time vs biological time



Langevin Dynamics

Interpretation: Wasserstein gradient flow of

Fr(p) = / Vdp + 7H(u) = H(p|p;)

where p* o< e™V/7 € P(X), H(u) = [log(dp/ dx)du is the
neg-entropy and H(u|v) = [ log(du/dv)du is the relative entropy

Theorem [Holley, Kusuoka, Stroock, 1989] and many more

- F; admits a unique minimizer u* o e”V/7.

- Assume that > satisfies a p-- log-Sobolev inequality, then

Fr(pe) — Fr(us) < e 2P (Fr(po) — Fr(py))-



Langevin Dynamics

Interpretation: Wasserstein gradient flow of

Fr(p) = / Vdp + 7H(u) = H(p|p;)

where p* o< e™V/7 € P(X), H(u) = [log(dp/ dx)du is the
neg-entropy and H(u|v) = [ log(du/dv)du is the relative entropy

Theorem [Holley, Kusuoka, Stroock, 1989] and many more

- F; admits a unique minimizer p* oc e=V/7.

- Assume that u: satisfies a p- log-Sobolev inequality, then

Fr(pe) — Fr(us) < e 2P (Fr(po) — Fr(py))-

Recent work on "Mean Field Langevin Dynamics” generalizes these ideas to general convex F [Chizat 2022].



Back to our trajectory inference problem

T-—1 T
: 1
F(],L) = Flt("l’la SR p’T) + Z At TTAt;(“"i? I“l'i—l—l) +T Z H([,l,l)
i=1 ’ i=1
\——
G(p) H(w)

e G is not convex but G + 7H is

e Apply MFL to F. = G + (7 + €¢)H for some € > 0

In (Chizat, Zhang, Heitz, Schiebinger, 2022)
Adapted from (Benamou et al. 2019), (Lavenant et al. 2020)

Theorem [Chizat et al 2022]

If X is compact, the Mean-Field Langevin dynamics for F. is
well-posed and converges exponentially to global minimizers.




Back to our trajectory inference problem

T—1 T
| 1
F(p) = Fit(py, ..., 1) + ) ﬁAt_ Teae (i in) +7 ) H(p;)
i=1 ’ '

=1
HH
G(p) H(p)
e G is not convex but G + 7H is
e Apply MFL to F. = G + (7 + €)H for some € > 0
In (Chizat, Zhang, Heitz, Schiebinger, 2022) 05 Samples MFL gWoT
Adapted from (Benamou et al. 2019), (Lavenant et al. 2020) & N=1 & N=1 , N=1 1 —4— MFL
0.0+ e 145 —— gWOT
Btk 0:30%
S | 1.0 o
—1.0 - e
.g 0.25
Theorem [Chizat et al 2022] e g
If X is compact, the Mean-Field ” P
0.0 - 2
well-posed and converges expone o
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Perspective on experimental design

The number of time-points determines the “size of the dataset”.

Each time-point is a “data point” along the curve.

The number of cells determines the noise level.

Kenji Sugioka
Nozomu Yachie

Collecting thousands of time-points
with scRNA-seq + lineage tracing
in C. elegans.



Embryo barcoding for high-density temporal profiling

1.0-
—~ BN 100 embryos
Z 0.8 BN 300 embryos
o0 E B 500 embryos
c B 1000 embryos
c 0.6
S
1 2 &
6 24,
=
)
reads %
35 0.2

0.0-
‘ | ‘ | ‘ | ‘ | N ¢ S <5 9
1 2 4 A S

b D A
NN
Loci Detected

Kenji Sugioka
UBC Zoology

) * * 4 ¢ p
. . K .
’ o S L e ’ d 4 -
' ¢ . s S of B V.,
o o oot ol T
vias ey
<ol 44
- "-h‘
-

2021 CIHR project grant proposal by Schiebinger, Sugioka and Yachie Nozomu Yachie, UBC SBME



Order embryos in developmental time

Roomina Zendehboodi



Lineage Tracing + Trajectory Inference
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Lineage Tracing + Trajectory Inference
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Lineage-OT

Step 1: adjust t, cells Step 2: connect ancestors to
based on lineage descendants with OT.
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ancestry ancestry

Forrow and Schiebinger (2021, Nature Communications)



Spatial transcriptomics

Stereo-seq
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Spatial transcriptomics at cellular resolution
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Current sequencing-based spatial transcriptomics (ST)

Positional barcode preparation limits spatial scale
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GPS-seq
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Waddington-OT Tutorial

Introduction

Visualizing and Exploring
the Data

Notebook 1: Visualizing and
exploring the data

Inferring temporal couplings
with optimal transport

Interpreting transport maps

Validation and Experimental
Design

Inferring gene regulatory
networks

Visualizing and Exploring the Data

In this section we explore the time-series of reprogramming from Schiebinger et al. 2019. The dataset consists
of 39 time points collected over 18 days of reprogramming. In the following notebook we visualize the dataset in
two dimensions, and we examine patterns of gene expression programs.

Notebook 1: Visualizing and exploring the data

In this notebook we visualize the data with the force layout embedding. This is a
graph visualization tool which we apply to layout a nearest neighbor graph
constructed from our single cell gene expression data. There is a node for each
cell, and each cell is connected to its k nearest neighbors. Then the cells are
arranged in 2D so that cells connected by an edge attract, and cells not connected
by an edge repel each other. This visualization is used many times throughout the
tutorial.

To get a basic idea of the lay of the land, we examine patterns of gene expression
programs. To do this, we score each cell according to expression of a dictionary of
gene signatures; in other words we test whether the set of genes in a signature is
significantly expressed in each cell. Based on these gene signatures, we define sets
of cells. In the following notebooks, we will use optimal transport to examine the
developmental trajectories leading to these cell sets.

e View notebook 1
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