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Multivariate distribution-free nonparametric testing

Consider the following nonparametric hypothesis testing problem:

Testing for equality of distributions (two-sample goodness-of-fit (GoF))
e Data: {X;}, iid P on RY: {Yj}le iid Q on RY, d>1

@ Test if the two-samples came from the same distribution, i.e.,

Ho:P=Q versus Hy:P#Q
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o Data: {X;}7, iid PonRY {V;}7,iid QonRY, d>1

@ Test if the two-samples came from the same distribution, i.e.,

Ho: P=Q versus Hy:P#Q

@ When d = 1: Student's t-test (1908), Wilcoxon rank-sum (1947),
Cramér-von Mises (1928), Wald and Wolfowitz (1940), Mann and
Whitney (1947), Kolmogorov-Smirnov (1939)

@ When d > 1: Hotelling’s T2-statistic (1931), Weiss (1960),
Anderson (1962), Friedman and Raksky (1979), Schilling (1986),
Rosenbaum (2005), Gretton et al. (2012), Székely and Rizzo
(2013), Biswas et al. (2014), Li and Yuan (2019)
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When d =1

o Two-sample t-test: Compares X,, and Y,
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o Two-sample t-test: Compares X,, and Y,

@ Reject if the statistic is larger than the (1 — «)-th quantile of t,1,_>
(or use a permutation test)

@ Approximate (not valid for small sample sizes) level « test, requires
additional moment assumptions
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rejection threshold can be obtained before observing the data
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Two-sample t-test: Compares X, and Y,

Reject if the statistic is larger than the (1 — a)-th quantile of tp,4,_»
(or use a permutation test)

Approximate (not valid for small sample sizes) level « test, requires

additional moment assumptions

Distribution-free tests: Null distribution of the test statistic 7, is
universal, i.e., P(T, > ¢yo) = @ where ¢, o, the deterministic
rejection threshold can be obtained before observing the data

They are exact tests and valid for all sample sizes

Based on univariate ranks — advent of classical nonparametrics
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Comparison of Wilcoxon rank-sum (WRS) test with two-sample t-test

Pool (X1,..., Xm, Y1,.-., Yn): (scaled) ranks §m7n(X;)’s and ﬁm,n(\/j)’s
P2 Fnal) = L3R
m,n m — m n

@ WRS test is distribution-free and exact for all F continuous
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Comparison of Wilcoxon rank-sum (WRS) test with two-sample t-test

Pool (X1,..., Xm, Y1,.-., Yn): (scaled) ranks §m7n(X;)’s and ﬁm,n(\/j)’s
P2 Fnal) = L3R
m,n m — m n

@ WRS test is distribution-free and exact for all F continuous

o WRS test has 0.95 Pitman efficiency w.r.t. t-test when F is Gaussian

@ Non-trivial efficiency lower bound of 0.864 w.r.t. t-test [Hodges and
Lehmann (1956)]; efficiency can be +oco (for heavy-tailed dist.)

o Non-trivial efficiency lower bound of 1 w.r.t. t-test [Chernoff and
Savage (1958)] when the following revised statistic is used:

z 30 Rnal)) - = >0 (Rua(X)

Generalize distribution-freeness, efficiency to multivariate data
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Can we construct multivariate nonparametric
distribution-free tests?
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Question
Can we construct multivariate nonparametric
distribution-free tests?

Two-sample problem
\ )

d=1 d=1

Hotelling T test
L Energy test J
Distribution-free Distri%ltion-free

Wilcogon rank-§um 599
Cramér—von Mises i
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Good news

Tests based on ‘ranks” are distribution-free
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Bad news

Tests based on ‘ranks” are distribution-free

How do we define multivariate ranks which lead to distribution-free tests?

What about their statistical efficiency?
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Bad news

Tests based on ‘ranks” are distribution-free

How do we define multivariate ranks which lead to distribution-free tests?

What about their statistical efficiency?

Optimal transport!
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© A (very) brief introduction to optimal transport
© Multivariate ranks using optimal transport

© Multivariate distribution-free tests using optimal transport
@ Rank Hotelling T? test and Pitman efficiency
@ Pitman efficiency, comparison with Hotelling T2
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© A (very) brief introduction to optimal transport
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Optimal (measure) transportation

KL(PIIQ) = [1og (£) p =
TV(P,Q)=3[lp—al=1
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Optimal (measure) transportation

What about these?

Q

KL(PIIQ) = [ log (£) p = oo = KL(P||R)

TV(P,Q) =1 [lp—q|=1=TV(P,R)

a

How far are these?
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Optimal (measure) transportation

What about these?

KL(PIIQ) = [ log (£) p = oo = KL(P||)
V(P,Q) =3 [lp—aql=1=TV(P,R)

How far are these?

Need a notion of distance that is sensitive to geometry

Monge's approach (1781): Given probability measures P, @ on R, find
an “optimal’ map Ty : RY — R satisfying

Jming [Ix=TCPdPG). T#P =@ & X~ P, TX)~ Q
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Optimal (measure) transportation

What about these?
f 9

P Q

KL(PIIQ) = [ log (£) p = oo = KL(P||R)

TV(P,Q) =3 [lp—dal=1

a b c

How far are these?

Need a notion of distance that is sensitive to geometry

Monge's approach (1781): Given probability measures P, @ on R, find
an “optimal” map Tp : RY — RY satisfying

W3(P,Q) = T;nF'ng/fo TX)?dP(x), T#P=Q & X~P, T(X)~Q

Call optimizer TP = To (if it exists) — optimal transport (OT) map
0

W3(P, Q) — squared Wasserstein distance
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Optimal (Measure) Transportation

What about these?

How far are these?

o W3(P,Q) = |b—al?, W3(P, R) =||c —al|®
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Optimal (Measure) Transportation

What about these?

How far are these?

o W3(P,Q) = |b—al?, W3(P, R) =||c —al|®

° TOP7Q(X):x+b—a, T()P’R(x):x—i—c—a
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Applications of optimal transport — X ~ P, T(X) ~ Q

EN HI
SOUTH =iE Generative
West/ NURTH > IR o ] Modelling(Rout et

: ofEm : al., 2021)
E

SOUTH —» &fgior )

EAST —

NORTH —» 3R

WEST —» ufesm

Translation (Mellis and Jaakkola, 2019)

RNA sequencing Colortransfer (Rabin et al., 2010)

, fii (Schiebingeret al., 2019)
-iﬂﬂﬂii R

B - Wasserstem GAN

. I ] i 2017)
v Y w @ a3 A
i
5 2

Domain adaptation (Courty et al., 2017)
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How to estimate the optimal transport map?
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Estimation — a plug-in approach

To= argmin/Hx —TX)|?dP(x), T#P=Q & X~ P, T(X)~Q
T#P=Q

To is unique (P a.s.) if P, Q are absolutely continuous (McCann (1995))
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To= argmin/Hx —T)PdP(x), TH#P=Q & X~P, T(X)~Q
T#P=Q
To is unique (P a.s.) if P, Q are absolutely continuous (McCann (1995))
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Estimation — a plug-in approach

To= argmin/Hx —TX)|?dP(x), T#P=Q & X~ P, T(X)~Q
T#P=Q
To is unique (P a.s.) if P, Q are absolutely continuous (McCann (1995))

Data: X1, Xy,...,Xn iid P (unknown, absolutely continuous) and
Y1,..., Yo iid @ (unknown, absolutely continuous)

Empirical distributions: Py, := 1 5™ 6, Q= %Z};l dy,

When m=n
T := argmin X — dP,(x) = argmin — Xi— T(X;
argmin [~ TG 9Ru(6) = srgmin 1~ 700"

Recall T#P, = Q, means if X ~ P,, then T(X) ~ Q,
T#P, = Qn: (T(X1),..., T(X,)) is some permutation of (Yi,...,Y})
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Estimation — a plug-in approach

To= argmin/Hx —TX)|PdP(x), T#P=Q & X~ P, T(X)~Q
T#P=Q
To is unique (P a.s.) if P, Q are absolutely continuous (McCann (1995))

Data: Xi,Xp,..., Xy iid P (unknown, absolutely continuous) and

Yi,..., Y, iid Q (unknown, absolutely continuous)
Empirical distributions: Pp, := 1 37 6x,, Qn =127 by,
When m=n
T := argmin /||x— X)|1? dPa(x) = argmm 7Z||X T(X)|1?
T#P,=Qn Pn=Qn

Recall T#P, = Q, means if X ~ P,, then T(X) ~ Q,

Assignment problem (linear program — exact algorithm with complexity
O(n®); parallel computing — Date and Nagi (2016))
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Estimation — a plug-in approach (Continued)

What happens when m < n?

Can we still define

T.= arg min /HX - T(x)||2 dPm(x)??
T#Pm=Qn
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Estimation — a plug-in approach (Continued)

What happens when m < n?

Can we still define

T.= arg min /HX - T(x)||2 dPm(x)??
T#Pm=Qn

NOT FEASIBLE!

There is no function T such that T#P, = Q,
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@ (Kantorovic relaxation)
Let N(P, Q) be the set of
probability measures
(coupling) on R¥ x RY,

with marginals P, Q. Independent
Then
Wi(P,Q) = _inf /lef 12 dy(x,y) < N
2 1] ”/GH(P,Q) y ’Y 7.y r
Examples: 1= P® Q,

ER 2

m(x,y) o< 1y = To(x)) Deterministic
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o (Kantorovic relaxation)
Let M(P, Q) be the set of
probability measures
(coupling) on R9 x R¥,
with marginals P, Q.
Then

Independent
2 _ 2
WiP.Q) = inf [ Ix-yI d(x,)

Examples: 1= P ® Q, N
m(x,y) < H{y = To(x))
@ Always has a minimizer 1

which matches Ty if P is Deterministic

absolutely continuous
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Diffused

@ Solve

Fe argmin [yl drixy)
YEN(Pm,Qn)

via a linear program
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Diffused

@ Solve

5¢ argmin / I — yI2 dy(x,y)
’YEH man

via a linear program

e D., Ghosal, and Sen (NeurlPS, 2021): Define our estimator
(barycentric projection) as
R J,y di(x.y)
J, di(xy)

Both definitions coincide when m = n

9/23



What is the rate of convergence of T to Ty?
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What is the rate of convergence of T to Ty?

When m=n ...

Empirical OT map:

T := argmin /||x— HQdP( )

T#Py=

Population OT map:

To —argmln/||x— H2dP( )
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What is the rate of convergence of T to Ty?

When m=n ...

Empirical OT map:

T := argmin /||x— HQdP( )

T#Py=

Population OT map:

To —argmln/||x— H2dP( )

Different parameter spaces
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What is the rate of convergence of T to Ty?

Rate of convergence (D., Ghosal, and Sen (NeurlPS, 2021))

Assume that Tg is Lipschitz, and both P and @ are compactly supported
(can be relaxed). Then, for d > 4,

1 & .
— E E[|T(X:) — To(X)|? < m=é+na.
m

—
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What is the rate of convergence of T to Ty?

Rate of convergence (D., Ghosal, and Sen (NeurlPS, 2021))

Assume that Ty is Lipschitz, and both P and @ are compactly supported
(can be relaxed). Then, for d > 4,

1 & .
EZEHT(XI') — To(X)|? < md -+ na.
—

@ The proof requires convex analysis, chaining and Talagrand's
concentration arguments

e Minimax optimal for d > 4 (Hitter and Rigollet (2019))
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What is the rate of convergence of T to To?

Rate of convergence (D., Ghosal, and Sen (NeurlPS, 2021))

Assume that Ty is Lipschitz, and both P and @ are compactly supported
(can be relaxed). Then, for d > 4,

m
%ZEIW(X,-) — To(X)IP S m™ 7 +n 7.
i=1

o For d =1,2,3, m= n, rates are n=%/5, n=2/3, n=*/7 (ongoing work)

The proof requires convex analysis, chaining and Talagrand'’s
concentration arguments

e Minimax optimal for d > 4 (Hitter and Rigollet (2019))

@ These are the first rates for a practically computable estimator of
the OT map Ty (note T requires no tuning)

10/23



Question
Can we construct multivariate distribution-free
tests?

Two-sample problem
\ )

d=1 d=1

Hotelling T test
L Energy test J
Distribution-free Distri%ltion-free

Wilcogon rank-§um 599
Cramér—von Mises i
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© Multivariate ranks using optimal transport
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Ranks: When d =1

o Rank map R, assigns {Xi, Xa,...,X,} to elements of (2,2 0y
o Define v, := 1 3" 6x, and pp =136,
i-1 -1 7

j=1
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Ranks: When d =1
e Rank map R, assigns {X1, X, ..., X,} to elements of {1, 2

o Define v, := 1 3" 6x, and p, ==
-1

xxxxx

o o1 o=

..............
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Ranks: When d =1

o Rank map R, assigns {Xi, X, ..., X,} to elements of {1 2 ... 7}

o Define v, := 1 3" 6x, and pp =136,
i-1 n

= 1 1<
R, := argmax -— X - T(X;) = argmin - X, — T(X:)]?
T: T%%V,,:p,, n ’Z:; ( ) T:Tg#u,,:lz,,, n ; | ( )|
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Ranks: When d =1

o Rank map R, assigns {Xi,Xz,...,X,} to elements of {1, 2 ... 2}
1y 1\
o Define v, := £ 3" 0x, and pip === > 0;
i=1 =1
E 4

= 1o 1
R,:= argmax -— X;- T(X;)= argmin — X — T(X)]?
T: T%#V,,:p,, n ; ( ) T:T%‘,ﬁun:y,n n ; | ( )|

ﬁ,, is the empirical OT map from v, to u,
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Multivariate ranks (d > 1)

e Empirical rank map assigns {Xi,...,X,} = {c,...,c,} CR? —
grid of “reference” points (e.g., a random sample from Unif[0, 1],
N(0, Iy) distribution, deterministic quasi-Monte Carlo sequences)
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e Empirical rank map assigns {Xi,...,X,} = {c,...,c,} CR? —
grid of “reference” points (e.g., a random sample from Unif[0, 1],
N(0, Iy) distribution, deterministic quasi-Monte Carlo sequences)

@ Sample rank map (Hallin (2017)) is defined as the empirical OT map:

R,:= arg min EZ X — T(X)|I?

T:Thve=pn N =

where T transports v, = . >7 x, to jupi= ;> 0
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Multivariate ranks (d > 1)

e Empirical rank map assigns {Xi,...,X,} = {c,...,c,} CR? —
grid of “reference” points (e.g., a random sample from Unif[0, 1],
N(0, Iy) distribution, deterministic quasi-Monte Carlo sequences)

@ Sample rank map (Hallin (2017)) is defined as the empirical OT map:
~ 1< )
R,, = - X; - T X,'
argmin =7 X - T(X)|

TiT#v=pn M 5

where T transports v, = . >7 x, to jupi= ;> 0

©) an

* Data points

= Empirical ranks
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Multivariate rank function as an OT map

o X ~v; v is a probability measure in RY (abs. cont.)

o Reference dist. U ~ zon S C RY (u = Unif([0,1]), N(0, I4))

e Find OT map T s.t. T(X) LUn~p (u abs. cont.)

13/23



Multivariate rank function as an OT map

o X ~v; v is a probability measure in RY (abs. cont.)

o Reference dist. U ~ zon S C RY (u = Unif([0,1]), N(0, I4))
o Find OT map T st. T(X) < U~ p (11 abs. cont.)

Population rank function (a.k.a OT map) [Chernozhukov et al. (2017)]

If E,||X||> < oo, rank fn. R : RY — S is the population transport map

R := argmin E, || X — T(X)|?
T:TH#Hv=p

13/23



Multivariate rank function as an OT map

o X ~v; v is a probability measure in RY (abs. cont.)

o Reference dist. U ~ zon S C RY (u = Unif([0,1]), N(0, I4))
o Find OT map T st. T(X) < U~ p (11 abs. cont.)

Population rank function (a.k.a OT map) [Chernozhukov et al. (2017)]

If E,||X||> < oo, rank fn. R : RY — S is the population transport map
R := argmin E,||X — T(X)|?
T:TH#Hv=p
Properties of population rank function [Brenier (1991), McCann (1995)]
@ R(-) characterizes distribution: Ry(x) = Ra(x) V x € RY iff Py = P,

13/23



Multivariate rank function as an OT map

o X ~v; v is a probability measure in RY (abs. cont.)

o Reference dist. U ~ zon S C RY (u = Unif([0,1]), N(0, I4))
o Find OT map T st. T(X) < U~ p (11 abs. cont.)

Population rank function (a.k.a OT map) [Chernozhukov et al. (2017)]

If E,||X||> < oo, rank fn. R : RY — S is the population transport map
R := argmin E,||X — T(X)|?
T:TH#Hv=p
Properties of population rank function [Brenier (1991), McCann (1995)]
@ R(-) characterizes distribution: Ry(x) = Ra(x) V x € RY iff Py = P,

@ R(-) is the gradient of a convex function and smoothly invertible

13/23



Multivariate rank function as an OT map
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o Find OT map T st. T(X) < U~ p (11 abs. cont.)

Population rank function (a.k.a OT map) [Chernozhukov et al. (2017)]

If E,||X||> < oo, rank fn. R : RY — S is the population transport map
R := argmin E,||X — T(X)|?
T:TH#Hv=p
Properties of population rank function [Brenier (1991), McCann (1995)]
@ R(-) characterizes distribution: Ry(x) = Ra(x) V x € RY iff Py = P,

@ R(-) is the gradient of a convex function and smoothly invertible

@ When d =1, R(:) is the CDF of X, when p = Unif([0, 1])
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Properties [D. and Sen (JASA 2020); D., Bhattacharya, and Sen (2021)]

o Distribution-freeness: If v is absolutely continuous, then
(Ra(X1),- - -, Ra(Xn))

is uniformly distributed over the n! permutations of {ci, ..., c,}
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Properties [D. and Sen (JASA 2020); D., Bhattacharya, and Sen (2021)]

o Distribution-freeness: If v is absolutely continuous, then
(Ra(X1),- - -, Ra(Xn))

is uniformly distributed over the n! permutations of {ci, ..., c,}

1

o Consistency: If i, := - 1'7:1 Oe; 2, 1 (abs. cont.), then

1 5
- D IRA(X:) = ROX)IP 50 as n— o,
i=1
where R is the unique OT map from v to u.

No moment assumptions needed on the model

14 /23



© Multivariate distribution-free tests using optimal transport
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© Multivariate distribution-free tests using optimal transport
@ Rank Hotelling T? test and Pitman efficiency
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Testing for equality of two multivariate distributions

e Data: {X;}7, iid P on RY; {Yj}]_; iid Q on RY, d>1

@ Test if the two samples came from the same distribution, i.e.,

Hy: P=Q Versus Hy: P#Q
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Testing for equality of two multivariate distributions

e Data: {X;}7, iid P on RY; {Yj}]_; iid Q on RY, d>1

@ Test if the two samples came from the same distribution, i.e.,

Hy: P=Q Versus Hy: P#Q

o Let N =m+ nand assume  — A € (0,1)

o Hotelling T2 statistic [Hotelling (1931)]: The multivariate
analogue of Student's t-statistic, given by

T2, = m”’+”n (X=V) S;L(X-V);

where Sy, , is pooled covariance matrix

@ Reject Hy iff T2 | > c, [asymp. cut-off c,: (1 — @) quantile of x3]
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Testing for equality of two multivariate distributions

e Data: {X;}7, iid P on RY; {Yj}]_; iid Q on RY, d>1

Test if the two samples came from the same distribution, i.e.,

Hy: P=Q Versus Hy: P#Q
o Let N =m+ nand assume  — A € (0,1)
e Hotelling T2 statistic [Hotelling (1931)]: The multivariate
analogue of Student's t-statistic, given by
) mn - 15 o

o T
= (x-9)"s

m,n

where Sy, , is pooled covariance matrix

Reject Hy iff T2, , > ¢, [asymp. cut-off ¢4: (1 — a) quantile of x2]

Consistency: P(T2, , > c,) — 1 when E[Xi] # E[Y1]
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Data: {X;}[”, iid P (abs. cont.), {Yj}/_;iid QonRY, — d>1

Reference dist.: ;1 on S C RY (abs. cont.; e.g., 1 = Unif([0, 1]))

Proposed tests [D. & Sen (JASA, 2020); D., Bhattacharya & Sen (2021)]
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Reference dist.: ;1 on S C RY (abs. cont.; e.g., 1 = Unif([0, 1]))

Proposed tests [D. & Sen (JASA, 2020); D., Bhattacharya & Sen (2021)]

@ Joint rank map: The sample ranks of the pooled observations:
I%mm AXy, e Xy Ya, o Yo = {a, o Emin} CS

o Rank Hotelling: RT?  :=T2, ({f%m,n(x,-)},{/%m,n(vj)})

@ General principle: Start with a “good” test and replace the X;'s and
Y;'s with their pooled multivariate ranks

@ This yields the Wilcoxon rank-sum test when applied to the t-test.
Therefore RT,Q,M is equivalent to Wilcoxon rank-sum when d =1

Distribution-freeness [D. & Sen (JASA, 2020)]
Under Hy, distributions of RTim are free of P = Q
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Rank Hotelling test: ¢, , = l{RTm > } — distribution-free

cém’") depends on ¢;'s, m, n, and d

Power (D., Bhattacharya, and Sen, 2021)

Under location shift alternatives, we have

lm_ B omal = 1

Asymptotic null distribution (D., Bhattacharya, and Sen, 2021)

Under Ho, if un := § jN:1 o, % 4, then
d
RT7, , = X3-

Goal

How does rank Hotelling test compare with Hotelling T2 test?
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© Multivariate distribution-free tests using optimal transport

@ Pitman efficiency, comparison with Hotelling T2
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@ Question: How to compare two consistent tests Sy and Ty?

e Asymptotic relative (Pitman) efficiency (ARE) [Pitman (1948),
Serfling (1980), Lehmann & Romano (2005), van der Vaart (1998)]

Xty X Py & Y, Ya © Pys N=m+n; @~ \e(0,1)

{Py}ococrr: “smooth” (satisfies DQM) parametric family

Test Hy:0,=60; vs. Hi:0b,=01+4A; A—0
Fix o € (0,1) (level) and € (o,1) (power)

Let Na(T.) = Na denote the minimum number of samples s.t.:

EHO[TNA] = and ]EHl[TNA] >p

@ The asymptotic (Pitman) efficiency of Sy w.r.t. Ty is given by
_ . Na(T)
ARE (5w, Tu) := lim "5

In principle, ARE (Sy, Tn) can depend on « and 3, but in many
interesting cases they don’t
18/23



o Xty X B Py & Y1,..., Yy X Py N=m+n

o {Pylococre: “smooth” (satisfies DQM) parametric family
o Consider Ho:60,=0; vs. Hy:0,=06;+hN1/2 h #0€eRP

ARE (RT}, . T2 ) can be derived from the distribution of both test

m,n»

statistics under above alternatives
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o {Py}ococrr: "smooth” (satisfies DQM) parametric family

o Consider Ho:60,=0; vs. Hy:0,=06;+hN1/2 h #0€eRP

ARE (RT? T2, ,) can be derived from the distribution of both test

m,n»

statistics under above alternatives

Some observations

@ Expression of ARE (RT2 T?,,) does not depend on « and 3

m,n>»

@ Asymp. dist. of R,Tfn_ﬂ can depend on the choice of i

Can we lower bound ARE for sub-classes of multivariate dists., i.e.

min ARE (RT%,,,T2.,) =177

m,n»
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Xty X Py & Y1, Ya Py N=m+n

Independent coordinates case

Find = {Po}oco has density py(z1, ... ,24) = [, fi(zi — 0;), 6 € R?

Theorem (D., Bhattacharya, and Sen (2021))

Suppose % — X € (0,1). If up := & J/_v=1 de; < Unif([0,1]¢) = p, then

min ARE (RT?, ,, T2, ,) = 0.864

m,n»
Find

20/23



Xty X Py & Y1, Ya Py N=m+n

Independent coordinates case

Find = {Po}oco has density py(z1, ... ,24) = [, fi(zi — 0;), 6 € R?

Theorem (D., Bhattacharya, and Sen (2021))

Suppose % — X € (0,1). If up := & J/_v=1 de; < Unif([0,1]¢) = p, then

min ARE (RT?, ,, T2, ,) = 0.864

Find i
If > N(O, Iy) = p, then

min ARE (RT%, ,, T2,,) =1

m,n>
Find

20/23



Xty X Py & Y1, Ya Py N=m+n

Independent coordinates case

Find = {Po}oco has density py(z1, ... ,24) = [, fi(zi — 0;), 6 € R?

Theorem (D., Bhattacharya, and Sen (2021))

Suppose % — X € (0,1). If up := & J/_v=1 de; < Unif([0,1]¢) = p, then

min ARE (RT?, ,, T2, ,) = 0.864

Find i
If > N(O, Iy) = p, then

min ARE (RT%, ,, T2,,) =1

m,n>
Find

o Generalizes Hodges & Lehmann (1956), Chernoff & Savage (1958)

@ ARE can be arbitrarily large (can tend to +00) for heavy tailed dists.
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Elliptically symmetric distributions

Feil = {Ps}oco is class of elliptically symmetric distributions on R, i.e.,

po(x) o (det(£)) 72 f ((x — ) TEH(x —0)), for all x € R
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Elliptically symmetric distributions

Feil = {Ps}oco is class of elliptically symmetric distributions on R, i.e.,

po(x) o (det(T)) 72 f ((x — ) TZ(x — 0)), forall x € R

Theorem (D., Bhattacharya, and Sen (2021))

Suppose: (i) pn = N(0, ) = p, (ii) @ — X € (0,1). Then,

min ARE (RT?2

m, I‘l7
Fenl

2 )=1.

@ This generalizes the famous result of Chernoff and Savage (1958)
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Model for Independent Component Analysis (ICA)
Fica ={f(-—0) : i € F}pere Where f; € F has the form

(X1, ..y Xd) = Hf Zaj,xj

where fi, f, ..., fy are univariate densities, and A = (ajj)dxd is an
orthogonal matrix (unknown)

Thus, f; is the density of Xyx1 where
X=AW

with W1 having independent components
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@ Exact distribution-free, nonparametric test, gives uniformly level «
test and high efficiency compared to Hotelling T2 test

@ Provides the first comprehensive extension of classical nonparametric
testing to the multivariate setting

@ Using Gaussian reference distribution ensures
ARE(RT?,,’H,T?M) > 1 for many popular subfamilies. Note that
the test is agnostic to the underlying subfamily
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@ Exact distribution-free, nonparametric test, gives uniformly level «
test and high efficiency compared to Hotelling T2 test

@ Provides the first comprehensive extension of classical nonparametric
testing to the multivariate setting

@ Using Gaussian reference distribution ensures
ARE (RT?, ,, T2 ) > 1 for many popular subfamilies. Note that

m,n> ~m,n

the test is agnostic to the underlying subfamily

@ Robust against outliers and better finite-sample performance under
heavy-tailed distributions

Thank you. Questions?
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Multivariate two-sample goodness-of-fit test

@ Recall general strategy: Start with a “good” test and replace the
Xi's and Y;'s with their pooled multivariate ranks
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@ Start with a “good” consistent test, say the energy statistic (Székely
and Rizzo, 2013) and apply our general strategy

@ Suppose X, X’ g P, Y)Y i Q, K(s,t) :=||s — t|, then energy
dist. (or kernel MMD (see Gretton et al., 2008)):

E*(P,Q) :=2EK(X,Y) —EK(X,X') —EK(Y,Y') >0

o Characterizes equality of distributions: E(P, Q) =0iff P = Q

o E-statistic: E}, , ({X/}/,,{Y;}/_,) := 2A— B — C where

1 m,n 1 m 1 n
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Multivariate two-sample goodness-of-fit test

@ Start with a “good” consistent test, say the energy statistic (Székely
and Rizzo, 2013) and apply our general strategy

@ Suppose X, X’ X p, Y,Y X Q, K(s,t) :=||s — t||, then energy

dist. (or kernel MMD (see Gretton et al., 2008)):

E?(P, Q) :=2EK(X,Y) - EK(X,X') —EK(Y,Y’) >0

o Characterizes equality of distributions: E(P, Q) =0iff P = Q

e E-statistic: E}, , ({Xi}72,,{Yj}]-1) :=2A— B — C where

m

1 &= 1 1 ¢
A=— > KX, Y) B=—3> K(X.X), C=—> K(¥,Y))
ij=1 ij=1 ij=1
o Energy test: Reject Hy if E, , ({X;}72,,{Yj}7_)) > #a (depends
on P; we can use permutation test)
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Proposed statistic

Rank energy statistic [D. and Sen (JASA, 2020)]

@ Joint rank map: The sample ranks of the pooled observations:

Ron {Xt, o, Xony Yis oo, Yot = {c1y oo, Gmga} € [0,1]¢

o Rank energy: RE2, , = T2, , ({Rmn(X)} 71, {Rmn(Y))}1)
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@ Joint rank map: The sample ranks of the pooled observations:
Ron {Xt, o, Xony Yis oo, Yot = {c1y oo, Gmga} € [0,1]¢

o Rank energy: RE2, , = T2, , ({Rmn(X)} 71, {Rmn(Y))}1)

Distribution-freeness
Under Hy, distribution of RE,, , is free of P = Q, if P is abs. cont.

@ Dist. of RE,, , just depends on ¢;'s, m, n and d

e Rank energy test: Reject Hy if REp, , > k4 (universal threshold,
free of P = Q)

Simplification when d =1

REfmn is exactly equivalent to the two-sample Cramér-von Mises statistic
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Power [D. and Sen (JASA, 2020)]
Under (ii) and P # Q, if -2 ~ X € (0,1) then,

m-+n

P(RE,, > k™M) = 1 as m,n — Q.

Proposed test has asymptotic power 1, against all fixed alternatives
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Power [D. and Sen (JASA, 2020)]
Under (ii) and P # Q, if -2 ~ X € (0,1) then,

m-+n

P(RE,, > k™M) = 1 as m,n — Q.

Proposed test has asymptotic power 1, against all fixed alternatives

Limiting distribution under Hy [D. and Sen (JASA, 2020)]

If (i) P = Q is abs. cont., and
(i) L3N 60 S pas (N=m+n)

Then, under Hy, 3 a universal distribution s.t.

mn

RE2 9, \Z? as min{m,n} — oo where \; > 0.
m+n ™" I J
Jj=1
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Pitman efficiency

Some observations

o Efficiency of RE,, , w.r.t. E;, , depends on the type | error o and
power (3, which makes it hard obtain efficiency lower bounds

@ Existing tests which are both consistent and distribution-free usually
do not have Pitman efficiency
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Pitman efficiency

Some observations

o Efficiency of RE,, , w.r.t. E;, , depends on the type | error o and
power (3, which makes it hard obtain efficiency lower bounds

@ Existing tests which are both consistent and distribution-free usually
do not have Pitman efficiency

o Fix a level parameter o € (0,1). Consider:

HO . 92 — 91 =0 VEersus H1 : 92 — 91 = hN_1/2

@ In Bhattacharya (2019), the author showed that for many
asymp. distribution-free tests

Py, (T, n rejects Hy) — a (powerless)

Rank Energy RE,, , [D., Bhattacharya, and Sen (working paper)]

° lim Py, (REn,, rejects Hy) > «

m,n— oo

@ Only consistent, exactly dist.-free test that can distinguish Hy & H;
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@ Introduced optimal transport and obtained first tuning-free, minimax
optimal estimator of optimal transport map

e Multivariate distribution-free nonparametric testing procedures with
high efficiency, constructed using optimal transport

@ Proposed a general framework, other examples include independence
testing, testing for symmetry, testing equality of K-distributions ...

@ Independence testing: In D., Bhattacharya, and Sen (2021) we
obtain multivariate distribution-free extensions of Spearman’s
correlation and kernel tests of dependence; obtain similar results

@ Tuning-free, robust, computationally feasible procedures, performs
particularly well under heavy-tailed data
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Two-sample problem
{ J

d=1

Distribytion-free

Wilcoxon rank-sum
Cramér-von Mises

i

Hotelling T2 test
Energy test

Distribytion-free

Rank Hotelling
Rank Energy
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o T, T(X,Y)€[0,1]
o T(X,Y)=0 iff
o T(X.Y)=1 iff

X and Y are independent
Y = f(X) for (unknown) meas. function f(-)

6/24



Nonparametric association /conditional association

@ Suppose
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The correlation p measures association (linear) between X and Y
e p=0 iff X and Y are independent

e p==41 iff Y isan exact, measurable (linear) function of X

Can we find a nonparametric measure of association between random
elements on topological spaces?

Goal: Given random elements (X1, Y1),...,(Xs, Ya) i (X,Y), define
T(X,Y) and T, (estimator), such that:

Tn, T(X,Y) €]0,1]

T(X.,Y)=0 iff X and Y are independent

T(X,Y)=1 iff Y =f(X) for (unknown) meas. function f(-)
T, 25 T(X,Y)
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Measure of Association

We answer this question in the affirmative by combining ideas from
reproducing kernel Hilbert spaces (RKHS) and geometric graphs (e.g.,
nearest neighbors, minimum spanning trees), to come up with a large
class of such measures

@ Our measures are completely nonparametric (unlike p)

@ We can also extend this to measuring conditional association with
applications in variable selection, conditional independence testing ...
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Rate of convergence result

To = arg min /||x — T(x)|? dP(x),

W3 (P,Q) = m|n /||x— x)|| dP(x)

Data: X1, Xa,..., X, iid P and  Yi,...,Y,id Q
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Data: X1, X, ...,

Estimator:

To = arg min /||x — T(x)|? dP(x),

W3 (P,Q) = m|n /||x— x)|| dP(x)
Xpid P and  Yq,...,Y,id Q

T := argmin /||x — T(x)|)? dPa(x)
T#Pn=Qn
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Rate of convergence result

To = arg min /||x — T(x)|? dP(x),

W2(P Q)= m|n /||x— X)H dP(x)

Data: X1, X5,...,X,iid P and Yi,...,Y,iid Q

Estimator:
T := argmin /||X — T(x)|? dPa(x)
T#Pn=Qn

Rate of convergence (D., Ghosal, Sen, NeurlPS, 2021)

Assume that Ty is Lipschitz, and both P and @ are compactly supported
(can be relaxed). Then,

SO — TP < 0
i=1

for d > 4. For d = 1,2, 3, the rates are n= %, n=2/3 and n=*/7.
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Nonparametric regression: Say Y; = fo(Xi) +¢;, i =1,...,n, where ¢'s
are iid M(0,1), and fp € F

= argmin Z

fer ‘=

Both 7, and f belong to F, which yields the basic inequality:

n

2(Yi- <Z P h(X

i=1
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Both 7, and f belong to F, which yields the basic inequality:

n
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Nonparametric regression: Say Y; = fo(X;) +€;, i =1,...,n, where ¢;'s

are iid A(0,1), and fp € F

= argmin Z

feFr

Both 7, and f belong to F, which yields the basic inequality:

n

> (i~ <Z P (X

i=1

OT problem:
T := argmin /||x— ()17 dPa(x)
T#Ph=Qn

o Constraint set: 7, :={T : T#P, = Q,}.
o T,e7T,but To ¢ 7,
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Alternatively,

WP, @) = min_ /||x— TCI dP) = min [ 7dPo+ [ gda,

such that f(x) + g(y) < ||x — y|* for all x,y € RY.
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Alternatively,
2 _ . _ 2 o ' '
W2(P,, Q) = T#rpn.an/Hx T dPa(x) = min / fdPn-f—l/ng,,
such that f(x) + g(y) < ||x — y||* for all x,y € R%.

Note that the constraints are not data driven.

Basic inequality (D., Ghosal and Sen, 2021)

Suppose Ty is Lipschitz. Write To = Vg and Q, := To#P,. Then,
RSN ~ _
=3I = TIPS WA(Pr, @0) — WE (P, @) + [ (@0 - @)

i=1

where g(y) = ¢5(y) — (1/2)|lyl1?, ¥5(y) := supyers ({x, ¥) — po(x))

(Legendre-Fenchel dual of ¢q(-))

Proof requires arguments from convex analysis
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Dual form

Alternatively,
W5 (P,, Qn) = n?ax/fdPn+/ngn
»8

such that f(x) + g(y) < ||x — y||? for all x,y € R?.

Note that the constraints are not data driven.
Basic inequality (D., Ghosal and Sen, 2021)
Suppose Ty is Lipschitz. Write To = Vg and Q, := To#P,. Then,

N
2SI = ToX)IP S WE(Pr, Qo) — WE(P Q) + [ £(@,— Q1)
i=1

where g(y) = ¢5(v) — (1/2)|lyl1?, ¥5(y) := supyers ({x, ¥) — po(x))

(Legendre-Fenchel dual of ¢q(-))
Proof requires arguments from convex analysis

Using the dual form of WZ(-,-), coupled with chaining and Talagrand’s
concentration inequality proves the rate of convergence result
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Thank you. Questions?




To ‘2 arg min /||x— TP dP(x), T#P=Q < X ~P, T(X) ~ Q.
T#P=Q

@ Does a solution always
exist?

@ Is the solution unique?
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To 2 argmin/||x— T(x)|2dP(x), T#P=Q & X ~P, T(X)~ Q.
T#P=Q

@ Does a solution always °
exist? :)\
No! Take P = § and Il \
Q@ = Unif[0, 1]. . 9 a*

@ Is the solution unique?

No! Take -
P = 0.5, 4 0.5d,- and l : : . ;
Q = 056q + 0.55(7*.
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To 2 arg min /||xf T(X)|?dP(x), T#P=Q < X ~ P, T(X) ~ Q.
T#P=Q

@ Does a solution always
exist?

No! Take P = §y and A
Q@ = Unif[0, 1].

@ Is the solution unique?

No! Take
P =0.56, + 0.50,+ and .
Q =0.565 + 0.504-.

8/24



Crossmatch test (Rosenbaum 2005)

Pitman asymptotics for crossmatch test (Rosenbaum 2005)

Consider the testing set-up from before (with additional regularity
assumptions). Then, for any h, we have:

lim Py, (Tm ., rejects Hy) = a.

m,n— oo

9/24



Crossmatch test (Rosenbaum 2005)

Pitman asymptotics for crossmatch test (Rosenbaum 2005)

Consider the testing set-up from before (with additional regularity
assumptions). Then, for any h, we have:

lim Py, (T, rejects Hy) = o
m,n—00 .

@ Therefore, crossmatch test does not distinguish between the null and
the alternative at the contiguous scale

@ The same phenomena happens for many other graph-based
asymptotically distribution-free tests, see Bhattacharya (2019,
Theorem 3.1)
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Power plot with varying sample size

Epanechnikov distribution

10

|# Hotelling (86.4%)
= RankGaussian (86.4%)
<~ RankUnif(100%)

04 0.6 08

Empirical power with adjusted sampl size

02

00

200 400 600 800 1000
Sample size

Figure: Xi, Y1 are i.i.d. Epanechnikov with location parameters 0 and 0.1
respectively. )(27 X3 ~ Xl, Yg, Y3 ~ Yl and X = (X]_,Xz,Xg;),
Y := (Y1, Y2, Y3). Here

eff(RankUnif, Hotelling) = 0.864
and eff(RankGaussian, Hotelling) > 1
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Power plot with varying location parameter

Log-normal location problem (slightly heavy-tailed)

d=2
o
- —&%— Hotelling
= —#— RankGaussian
© —o— RankUnif
I}
g =
IE o
Wl
o
o |
o

T T 5 T
-0.20 -0.15 -0.10 -0.05
Location shift

Figure: Uy, Us are iid standard normal, and V4, V, are normal with variance 1

and varying mean. Define X; := exp(U;) and Y; := exp(V;). Set X := (X1, X2)
and Y := (Y3, Y2) — sample size n = 200
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Power plot with varying location parameter

Figure: (Left panel) Xi, Y1 are i.i.d. normal with mean 0 and p respectively
(and unit variance). X2, X3 ~ X1, Y2, Y3 ~ Y1 and X := (X1, X2, X3). Similarly
define Y.

(Right panel) U := (U1, Uz, Us) and V := (V4, V5, V3) where U; = exp(Xi),

Vi = exp(Y;i) and X1, X2, X3, Y1, Y2, Y3 has the same distribution as above.
Red - Rank energy, Black - Crossmatch, Blue - Energy, Green - HHG.
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More simulations

(RB) [ (HHG) [ (EN) [ (REN)
Vi | 013 | 015 | 013 | 034
V2 | 034 | 094 |0.94 | 089
V3 | 041 | 034 | 034 | 046
V4 | 034 | 031 | 033 | 032
V5 | 073 | 070 | 056 | 093
V6 | 090 | 0.88 | 0.82 | 0.99
V7 | 013 | 051 | 065 | 063
V8 | 0.11 | 039 | 035 | 043
V9 [ 006 | 1.00 | 097 | 1.00
V10 | 028 | 099 | 1.00 | 059

Table: Proportion of times the null hypothesis was rejected across 10 settings.
Here n = 200, d = 3. Here RB - Rosenbaum’s crossmatch test (Rosenbaum,
2005), HHG - Heller, Heller and Gorfine (Heller et al., 2013), En - energy
statistic (Székely and Rizzo, 2013).
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Asymptotic stabilization

(100) [ (300) | (500) [ (700) | (900)
0.05| 039 | 040 | 039 | 040 | 0.40
01 | 036 | 036 | 036 | 036 | 0.36

Table: Thresholds for « = 0.05, 0.1 and n = 100, 300, 500, 700, 900, d = 2.

(100) [ (300) | (500) [ (700) | (900)
005 | 137 | 1.38 | 1.38 | 1.38 | 1.38
01 | 134 | 135 | 1.35 | 1.35 | 1.35

Table: Thresholds for a = 0.05, 0.1 and n = 100, 300, 500, 700, 900, d = 8.
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What happens for d = 17

7o % argmin/|x— T(x)]2 dP(x).
T#P=Q

@ Assume Q = Unif[0,1] and X ~ P with cdf F
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Ty :=arg min/|x — T(x)]> dP(x).
T#P=Q

@ Assume Q = Unif[0,1] and X ~ P with cdf F

@ Given x; < x» € R, note that

(1 — To(x1))* + (x2 — To(x2))* < (31 — To(x2))* + (x2 — To(x1))?
= TQ(Xl) < To(Xz)

Expect To(:) to be monotone and To(X) < Unif[0, 1].

@ To(+) is the distribution function of X, say F(-)

15/24



What happens for d = 17

F—argmln/|x— (x)? dP(x).
T#P=

@ Assume Q = Unif[0,1] and X ~ P with cdf F
@ Given x; < x» € R, note that

(1 — To(x1))* + (x2 — To(x2))* < (31 — To(x2))* + (x2 — To(x1))?
= TQ(Xl) < To(Xz)

Expect To(:) to be monotone and To(X) < Unif[0, 1].

o Ty(-) is the distribution function of X, say F(-)

Note that increasing functions can be viewed as “derivatives’ of
convex functions.
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@ Suppose Ty € C* (Holder or Sobolev class), o > 1

@ The minimax rate of convergence is

—2a -1
n_ 2a-2+d 4+ n
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@ Suppose Ty € C* (Holder or Sobolev class), o > 1

@ The minimax rate of convergence is

—2a -1
n_ 2a-2+d 4+ n

@ In ongoing work, we can show that using a kernel density based
estimator yields the optimal rate (up to log-factors)

1< . .
LSTEIT6) - To() |2 S 0w 40!
n

i=1

@ In Manole et al. (2021), Hiitter and Rigollet (2019), wavelet based
estimators have been used to get optimal rates
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o To(X) ~ Y, X ~ p with density f, Y ~ v with density g. Then
change of variable formula implies

g(T(x))det(Jr,(x)) = f(x)

e Estimating anti-derivative of f, g related to estimating Ty
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o (Caffarelli Regularity, 1992, 1996) — Ty € C* corresponds to
f,geC¥l a>1
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o (Caffarelli Regularity, 1992, 1996) — Ty € C* corresponds to
f,geC¥l a>1
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o (Miiller and Gasser, 1979) — optimal minimax lower bounds for
estimating k-th derivative of S-smooth functions is

_2AB=k)
n 2B+d
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To(X) ~ Y, X ~ p with density f, Y ~ v with density g. Then
change of variable formula implies

g(T(x))det(Jr,(x)) = f(x)
Estimating anti-derivative of f, g related to estimating Ty

(Caffarelli Regularity, 1992, 1996) — To € C* corresponds to
f,geC¥l a>1

Goal is to estimate the anti-derivative of C®~! functions

(Miiller and Gasser, 1979) — optimal minimax lower bounds for
estimating k-th derivative of S-smooth functions is

_2AB=k)
n 2B+d

Use f = o — 1 and k = —1 (anti-derivative), the lower bound
reduces to 2@37%%
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@ Choose the reference distribution p as spherical uniform

18/24



@ Choose the reference distribution p as spherical uniform

o If X is spherically symmetric, then

ROO = 7 6U1X1)

where G is the dist. fn. of || X||
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@ Choose the reference distribution p as spherical uniform
o If X is spherically symmetric, then
X
R(X) = =7 GUIXID
1IX11
where G is the dist. fn. of || X||

@ Pooled: | X1]l,-. ., [ Xmll, [ Y1ll,-- -] Yall- Let Gy, n be the empirical
cdf of the pooled data
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Choose the reference distribution p as spherical uniform

If X is spherically symmetric, then

ROO = 7 6U1X1)

where G is the dist. fn. of || X||

Pooled: || X1l|,- -, [ Xmll, I Yalls---, | Yall. Let Gp p be the empirical
cdf of the pooled data

Modified Rank Hotelling T2:

Xi Y1
K%, = T (o Gl i G

Test is distribution-free — if ¥ = X — 0 then detection boundary at

0[] ~ +/d/n
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d > 1 — A step in the right direction

Brenier, '91, McCann '95, Polar Factorization Theorem

Assume that P is absolutely continuous on RY Then there exists a
unique (P a.s.) To: RY — RY such that Ty(-) is the gradient of a convex
function and

To#P = Q.

If both P and Q have finite second moments, then Ty(-) solves

minQ/||x ~ T(x)|2 dP(x).

T#P=
e Existence of Ty(:) does not require any moment assumptions

@ Uniqueness: To#P = Q and To#R = Q will imply P =R
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Rank functions as transport maps: When d =1

@ X ~ FonRR, F abs. cont. c.d.f.
e Rank: The rank of x € R is F(x) (aka the c.d.f. at x)
e Property: F(X) ~ Uniform([0,1])

@ Thus, F transports the distribution of X to U ~ Uniform([0, 1])
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In fact, if E[X?] < oo, c.d.f. F is the optimal transport map as

F = argmin E|X — T(X)J?
T:T(X)ZU

20 /24



Rank functions as transport maps: When d =1

@ X~ FonR, F abs. cont. c.d.f.

Rank: The rank of x € R is F(x) (aka the c.d.f. at x)

Property: F(X) ~ Uniform([0,1])

@ Thus, F transports the distribution of X to U ~ Uniform([0, 1])

In fact, if E[X?] < oo, c.d.f. F is the optimal transport map as

F = argmin E|X — T(X)J?
T:T(X)ZU

Sample rank map (aka empirical c.d.f.) is also a transport map:

A

il a(i) |2 1<
R, := arg min — ) ,-——) = arg min — Xo— CG|E
nimagming ) X = =] Seeming ) = TO0)

where T transports £ 37 | 6x to 237 | 4.

A
n
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Multivariate rank functions as transport maps

o X ~u; v is a probability measure in R? (abs. cont.)
e U ~ Uniform([0, 1]9)

d

@ Goal: Find the “optimal” transport map T s.t. T(X) = U
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Multivariate rank functions as transport maps

o X ~u; v is a probability measure in R9 (abs. cont.)
e U ~ Uniform([0, 1]9)

d

@ Goal: Find the “optimal” transport map T s.t. T(X) = U

e If E[|X]|? < oo, the population rank function R(:) is the transport

map s.t. ) 2
R:= argmin E|X - T(X)||
TT(X)2U, X~v
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Multivariate rank functions as transport maps

o X ~u; v is a probability measure in R9 (abs. cont.)
e U ~ Uniform([0, 1]9)
4

@ Goal: Find the “optimal” transport map T s.t. T(X) = U

If E[|X||? < oo, the population rank function R(-) is the transport
map s.t. ) 2
R:= argmin E|X - T(X)||
TT(X)2U, X~v
e Data: Xi,...,X, iid v (abs. cont.) on R

o {c1,...,¢,} CRY — grid of “reference” points

@ Sample multivariate rank map is defined as the tranport map s.t.

1 n
® _ ] 2
R, = arg min — Z I Xi — Co’(i)H = arngln . Zl | X; — T(X)|]

oc€ES,
where T transports £ 377 | 6x to 137 |
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e If E||X||? < oo, the population rank function R(-) is defined as

R:= argmin E|X -T(X)|?
TTX)LU, X~v
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e If E||X||? < oo, the population rank function R(-) is defined as

R:= argmin E|X -T(X)|?
TTX)LU, X~v

@ Even when E||X]|? = +oo, population rank function R(-) can also be
defined
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e If E||X||? < oo, the population rank function R(-) is defined as

R:= argmin E|X -T(X)|?
TTX)LU, X~v

@ Even when E||X]|? = +oo, population rank function R(-) can also be
defined

@ Sample multivariate rank map R, (-) is defined as
. 1<
R, = in = X — T(X)|?
o= argin 301X )

1 1
where T transports = > | 6x, to £ 577 | 4,
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e If E||X||? < oo, the population rank function R(-) is defined as

R:= argmin E|X -T(X)|?
TTX)LU, X~v

@ Even when E||X]|? = +oo, population rank function R(-) can also be
defined

@ Sample multivariate rank map R, (-) is defined as
. 1<
R, = in = X — T(X)|?
o= argin 301X )

1 1
where T transports = > | dx to £ 57 | 4.

Regularity: Lr-convergence [D. and Sen, JASA 2020]

X1,..., X, iid v (abs cont.). If £ 37 . 6. = Unif([0, 1]%), then

—ZHR X)) £ 0 as n — oo.

Result gives the required regularity of the empirical multivariate rank map
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Population version

Assume m/(m+n) =X € (0,1).

Rank energy distance [D. and Sen, JASA 2020]

@ Joint rank map: The “pooled” population rank map:

R, : Ra(Z) ~ Uniform([0, 1]9)

where Z ~ AP + (1 — \)Q.

23 /24



Population version

Assume m/(m+n) =X € (0,1).

Rank energy distance [D. and Sen, JASA 2020]

@ Joint rank map: The “pooled” population rank map:

Ry : Ra(Z) ~ Uniform([0, 1]9)
where Z ~ AP + (1 — \)Q.
o Rank energy: RE3(P, Q) := E*(Ry\(X), R\(Y)).

e RE, =0 iff P = Q provided P, Q are absolutely continuous.

23 /24



Population version

Assume m/(m+n) =X € (0,1).

Rank energy distance [D. and Sen, JASA 2020]

@ Joint rank map: The “pooled” population rank map:

Ry : Ra(Z) ~ Uniform([0, 1]9)
where Z ~ AP + (1 — \)Q.
o Rank energy: RE3(P, Q) := E*(Ry\(X), R\(Y)).

e RE, =0 iff P = Q provided P, Q are absolutely continuous.

@ Our general principle could have been used with any other procedure
for testing equality of distributions, e.g., the MMD statistic [Gretton
et al. (2008)] which uses ideas from RKHS, ...

23 /24



Population version

Assume m/(m+n) =X € (0,1).

Rank energy distance [D. and Sen, JASA 2020]

@ Joint rank map: The “pooled” population rank map:

Ry : Ra(Z) ~ Uniform([0, 1]9)
where Z ~ AP + (1 — \)Q.
o Rank energy: RE3(P, Q) := E*(Ry\(X), R\(Y)).

e RE, =0 iff P = Q provided P, Q are absolutely continuous.

@ Our general principle could have been used with any other procedure
for testing equality of distributions, e.g., the MMD statistic [Gretton
et al. (2008)] which uses ideas from RKHS, ...

@ For d =1, we prove that RE?,,’H and RE3 are exactly equivalent to

the sample and population two-sample Cramér-von Mises statistic.
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Pitman efficiency

o Consider Xi, ..., X, ~ P, and Yi,..., Yy ~ Pg,, with
m/(m+n) =X € (0,1). We want to test:

Hop:0,—6: =0 versus Hy:0,—60; = h(m+ n)fl/z.
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Pitman efficiency

o Consider Xi, ..., X, ~ P, and Yi,..., Yy ~ Pg,, with
m/(m+n) =X € (0,1). We want to test:

Hy:6,—6,=0 versus Hy:0,—60; = h(m+ n)*l/z.

Fix a (size) and v > « (power).

Two test functions T, , and S, p.

K(Tm,n) denotes minimum number of samples such that:

EHO(Tm,n) S « and EHI(Tm,n) Z -

The Pitman efficiency of Sy, , with respect to Ty, , is given by

lim 7}(( Tm’")
m+n— o0 K(Sm,") ’
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