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Optimal Transport




Optimal Transport

M(iv) = it [ (7))
Tygu=v

Transport map

© {T: Ty = v} may be empty, not closed, non-linear problem, ... ‘Q

Monge (1781)

X Y1 V2
Kantorovich Optimal Transport
OT.(u,v) := inf ff cdmr = sup fcpdu+ft,bdv
”6“0“/) (@ P)EL (U)XL(V):
p(x)+P(y)sc(xy) )

I
Coupling (transport plan)

Kantorovich (1942)
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The Wasserstein Distance

Construction: Kantorovich OT with distance cost (or power) c(x,y) = ||lx — y||?, p € [1, =)

p-Wasserstein Distance

1/p
W u,v) = inf X — Pdm(x,
p( ) ne}[(u,‘v) (ﬂRdXRd” y” ( y)>

Wasserstein space: QBp = (SDp(]R%d),Wp) metric spac

Wasserstein geometry:
* Euclidean geometry
* Geodesic curves
* Barycenters

* Gradient flows




Beyond OT and Wasserstein Distances

Structure Preserving Interpolation:
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Discrepancy quantification btw incompatible spaces:

How different?

gJ 234936787 10010121314
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Gromov-Wasserstein Alighment



Heterogeneous & Structured Data

Dataset Matching: Various applications require matching heterogeneous & structured datasets
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© Protein
P ewen, RNA
[Solomon-Peyré-Kim-Sra ’16]

" Chromatin i

Goals: 1. Compare how similar/different two datasets are

2. Obtain matching/alignment
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Gromov-Wasserstein Distance

* Datasets as metric measure Spaces (x d u ) T (y d,y ‘V)
» U Xy A ’ ’
—> X, dy,u) & (y,dy,V) o Jo N . o
o oo et “o °
* Find matching (transport map) 7: X - Y ° _______ K /dy
= V=T (f X then TOO~Ty) |y 5
ux - o o
°

* Preserve distances (minimize distance distortion)

——> cost = dx(xl-,x]-)q — dy (T(xi)»T(xj))q ‘

(p, q9)-Gromov-Wasserstein Distance (Memoli ‘11)

. _ N N D 1/p
Dpq(v) = _inf (E(g,%n [|dx(X,X) — dy (Y, Y")4] ])
Y )~m

.
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Gromov-Wasserstein Distance

. _ , , D 1/p
Dpalis) = Jof (B e [l (6207 = dyr P ])
, ~TT

Comments: LP-Relaxation of Gromov-Hausdorff distance btw metric spaces (p = o,q = 1)

* Finiteness: D,, ,(1,v) < o Vpu, v with IE(X’X/)NM@W[dX(X,X’)pq] < oo & resp. forv

* Identification: D, ,(11,v) = 0 <——> Jisometry T: X — Y with T4/ = v (invariances)

* Metric: Metrizes space of equivalence classes of mm spaces with finite size
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Estimation from Data

Question: u,v are unknown; we sample X4, ..., X, ~u & Y;,...,Y, ~v

. . 1 . 1
* Empirical measures: ==Y 8y. and VU, ==Y " Oy,
n n&i=1%X; n n&i=1"Y;

——> Can we approximate D, ,(u,v) = Dy, ,(fin, Vp)?

Asymptotic Ans: Yes! For u, v w/ finite pg-size, D, ;(fiy, V) = Dy, (i, v) a.s. [Mémoli “11]

Non-Asymptotic Regime: What is the rate at which IE[|Dp,q (1, v) =Dy g (,&n,ﬁn)” decays?

© Open question: Statistical (sample complex.) & computational (time complex.) implications
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Duality for Quadratic GW Distance

Setting: (2,2)-GW btw (R%, ||-||, ) and (R, [Ill, v) with M,(w) = [llx||*du(x), My(v) < oo

2 _ 12 — 2|2
DG = _int [l =212 = Iy -y *an @ 7

Decomposition: Assume w.l.0.g. that u, v are centered (invariance to translation); then

D(,Ll, V)Z — Sl (,Ll, V) + SZ (‘Ll, V)
where  S;(u,v) = [llx —x'I*du @ u+ [lly = y'lI*dv @ v — 4 [lIx[I*llyll*du ® v

2
— — 2 2dm — , V3
Sk = i, [ 4l ydn 8 T ssice, (J xiyyr)
==Y

——> Derive a dual form for S,(u, v)! @
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Duality for the GW Distance

Approach: Linearize quadratic term using auxiliary variables

2
— : _ 2 2 — . A
S2(uv) = _inf [ ~4llxlPllylPdn 8% 1zica, ([ xiydn)

1<j<d,

rOptimaIityat | . ) _ 2 2 | _ 2 o
a?j(n) = 0.5f x;y;jdm B nehr%fi,v)f 4‘”X” ”y” dm + 32 Z:flifix _ML:r;f _Muy (alj fauxl)’]dn)
and define Sjsdy — T =Ry =T
M,u,v = \/MZ(H)Mz(V) (TTT T T T oS m s s m s
‘ = inf 320AlZ+, inf [(—4llxIllyl?> — 32xTAy)dr |

sl 320AlE+ o S (=4l 1y ) |

I\ =: ca(x,y) = OTCA (u, v)

DMM = entry-wise bdd

dy X dy-sized matrices

Theorem (Zhang-G.-Mroueh-Sriperumbudur ‘22)
S;(wv) =, inf 32||Allg + OT,, (i, v)

M wv
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Sample Complexity of GW: Upper Bound

Theorem (Zhang-G.-Mroueh-Sriperumbudur 22)

Let (u,v) € ?(Rdx) X iP(IRdy) have compact support with diameter bounded by R > 0. Then
2

1 —
E[|D(u, v)? — D(fiy, 9)?|] Sded,r R 2+ (1+RM)n (dxndy)V4 (log n) {dxndy=4]
—— v J
S rate + S, rate
centering bias

Comments:

* Optimality: These rates are sharp!

* Data dimension: Rate depends on smaller dimension (but curse of dimensionality occurs)
* Comparison to OT: Rate matches best known for OT

* One-sample: When only u is estimated
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Sample Complexity of GW: Proof Outline

Decomposition: Split DZ into S; + S, by centering empirical measures

R4
E||D(, v)* = D, ¥)?|] < E[1S1 (1, v) = S1(fn, D)1 + E[IS2(t, v) — S (fhn, V) 1] + 7
1
S Analysis: Involves only estimation of moments ———> Rate is parametric = \/_ﬁ

S, Analysis: Hinges on dual form + regularity analysis of optimal potentials
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Sample Complexity of GW: Proof Outline

S, Analysis: Invoke duality with radius M = R?

1. OTreduction: E[|S,(u,v) —S,(f1,,V,)|] < E [As%p |OTCA(,U, v) — OT,, (fin, 17n)|] ®
€Dm

2. Dual potentials: VA € Dy, @, isconcave and ||@allLip V ll@alleo = R‘ﬂ/dxdy (resp. Ya)

3. Empirical processes: Fp := {(p: R% — R: concave, lellLip Vllelleo = R4,/dxdy} & Gp

@ < IE[ sup I(u—ﬁn)<p|]+1Elwsup |(v—17n)1/;|]

p€Up Fa €U GA
_2 _Z __2
OTduality < E [ sup | (p — /?tn)cpI] +E lsup (v — ﬁn)l/JI] SRdpd, T *+n Y <n vy
PEFR YEGR

Regularity Covering bound: log N(€, Fg, ||I'll) 4 €
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Sample Complexity of GW: Proof Outline

S, Analysis: Invoke duality with radius M = R? |Assume d,, < d,

1. OT reduction: E[|S,(u,v) — S, (i1, V,)|] < E [ sup |OTCA(H, v) — 0T, (fiy, 17n)|] ®

AEDM

2. Dual potentials: VA € Dy, ¢4 isconcave and [|@llLip V ll@alleo = R4,/dxdy (resp. Ya)

3. Empirical processes: Fp = {go: R% — R: concave, lollLip VI

@ < IE[ sup I(u—ﬁn)<p|]+IElwsup I(v—ﬁn)tljll

QQEELJ}\‘j:[\

< E[Sup | (u —ﬁn)<p|] + E
PEFR

ol 3 RY[dd,} &K

(@a, 93) are optimal

€U, Fx

P (y) = infcy (x,y) — p(x)

2 2 2

YET

LCA principle [Hundrieser et al. ’22]: N(¢, F, ||-

o) = N6 FE, I lle) = log N(e, F§, II-llo0) S €/

sup |(v — D) Yl| Sk, n dx4n &x<n WA

13/20



Sample Complexity of GW: Lower Bound

Theorem (Zhang-G.-Mroueh-Sriperumbudur ‘23)

For X € R% and Y < R% with diameter at most R and any n sufficiently large, we have
2

sup  E[|D(u,v)? = D(fin, 9)?|] Zapa,pn (2A)V4
(u,V)EP(X)XP(Y)

Proof Idea:

inf W, (u, Uyv)

. i . >
Wasserstein Procrustes Lemma: | D(u,v) ~ Amin (Z1)Amin ) Ueo(d)

* Construction: u = Unif(Bd(O,l)) & v = Unif(Bd(O,Z)) [Dudley’ 69]

1
o : j ) > ) > ) >, n d
Lower bound E[UElg(fd)Wz(un,U#u)] ., El(r)l(fd)IE[Wz(un,U#u)] > E[W;(fp, )] Zg n d
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Computation via Entropic Gromov-Wasserstein
GW is QAP: D, (%Z’{‘: X Zym )p nlz min Xij=1 ‘dx(xi,xj)q _ dy(ya(i)'YG(j))q‘p

®© Quadratic assignment problem (non-convex) [Commander ‘05] ——> NP complete

Entropic Gromov-Wasserstein Distance (Peyré-Cuturi-Solomon ’16) |

— Y2 — Y — v/ 1I2]A
Se(uv) = _Inf  Engn |[I1X = X'I7 = IV = V'II2]"] + Do (allie @ v)

v

1. Algorithms: Heuristic methods [Peyré-Cuturi-Solomon "16], [Solomon-Peyré-Kim-Sra '16]

2. Approximation: |D(,u, v)? —S.(u, v)l de,dy € log(1/€) [Zhang-G.-Mroueh-Sriperumbudur ‘23]

3. Estimation: E[|S.(u,v) — S.({,,, V)] =dydye n~1/2 | ]
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From Stability Analysis to Convexity

Se(u,v) = S1(u,v) + Argzi)rllw{\BZIIAII% + EOTec, (V) }

Y

=:P(A)

Analysis: * Fréchet derivatives D®p4) and D* Py

* Bound Apax (D?®pa1) < 64 & Apin(D?®@pay) = 64 — 32271 /My (WM, (V)

Theorem (Rioux-G.-Kato ‘23)

1. @ is strictly convex whenever € > 16,/ M, (1) M, (V)

2. ®is L-smooth on Dy, with L < 64V (3226_1\/M4(M)M4(V) — 64)
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Accelerated First-Order Inexact Oracle Methods

- 2
Argzl)r,\l,,BZHA”F + EOT, ¢, (4, v)

First-order methods: Gradient of objective at A € D,, depends on optimal EOT coupling 7

Dy = 644 — 3257,y

Algorithm 1 Fast gradient method with inexact oracle
Inexact oracle (Sinkhorn): #4 s.t. ||[z® — ﬁA”oo <6 Fix L = 64 and let ag = &1 and 7 = 25
1: k<« 0
. . . ~ ~A - A 2: Ap <0
* Gradient approximation D®p,; (™ instead of %) 5 Gy« DD 4,
4: Wy agGy
* First-order method under convexity [d’Aspremont ‘08] | 5 while stopping condition is not met do »
6: By, + Fsign(A, — L7'G) min (H ’Ak — L Gk‘ ,1)
7: C, « %sign(—L‘lwk) min (% |L_1Wk| . 1)
8: A <—7:@Ck+ (1 — 1) By
———> Computes EGW cost and (approx.) coupling o %H;%iffﬁi G
- + +10G %+
11: k+—k+1
12: return B, 17/20




Global Convergence Guarantees (Convex)

- 2
Anelzl)r,\l,,BZHA”F + EOT, ¢, (4, v)

Theorem (Rioux-G.-Kato ‘23)

If @ is convex and L-smooth on D,, with global min B,, then B, from Algorithm 1 satisfies

2L||B,||?

+ O(M6)

Comments:
* Optimality: Optimal complexity of 0(1/k2) for smooth constrained opt. [Nesterov ‘03]

* Non-convex regime: Via smooth non-convex opt. with inexact oracle [Ghadimi-Lan ‘16]

L Adapts to convexity of @ (yields improved rates if convex)
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Numerical Results

Fast Gradient Method Mirror Descent
Convergence Rate [Rioux-G.-Kato ‘23] [Scetbon-Peyré-Cuturi 23]
0 ~~‘~~- 3 | — d=1 3 | — d=1
10 =~ _ 10 q — d=16 10 q — d=16
) ] d=64 . d=64
10-3 A § — d=128 10?  —— d=128
E —_— O(N2) E —n O(N2)
= —~ 10! o
107 - E L 3
3 ) 3
) q E 100 4
1072 4 — @(By) — ®(B*) 3 3
S -2 § .
O(k ) = 10—1 o
I| 1 1 LI II| 1 1 LI II| § §
0 1 2 ] ]
10 10 10 10—2 ]_0_2
b ] E
| | | | | | | |
25 27 29 211 25 27 29 211
N N
Time = iteration X Sinkhorn Time = iteration X cost update
=k x O(N?) =k xdxO0(N?)
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Summary

Gromov-Wasserstein Distance: Quantifies discrepancy between mm spaces
* Alignment of heterogeneous datasets

* Foundational statistical & computational questions open °

Contributions: Duality, empirical rates, and algorithms 2
* Dual form that connects to OT
* Sharp sample complexity for quadratic GW
* First algorithms w/ convergence rates for entropic GW
* Duality and empirical rates for EGW
[A] Zhang, Goldfeld, Mroueh, Sriperumbudur, “Gromov-Wasserstein distances: entropic regularization, duality, and sample complexity”, ArXiv: 2212.12848

[B] Rioux, Goldfeld, Kato, “Entropic Gromov-Wasserstein distances: stability, algorithms, and distributional limits”, ArXiv:2306.00182
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