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Quadratically Regularized Optimal transport

The quadratically regularized optimal transport is

)
d
QOT.(P.0) = min [ = vl ) + 5 || =
\ L~(PXQ)

Quadratic entropy penalty
This talk we will see the some properties of QOT

Duality and shape of solutions (sparsity)
Differences between EOT and QOT
Rates of convergence

Open problems and conjectures



Optimal transport

Let P and ) be probability measures

: 1
OT(P.Q) = min | r=yldntey
EEH(PaQ) Rdx[Rd

where I1(P, Q) is the set of couplings between P and 0

The solution, 7, is called optimal transport plan

OT(P, Q), is called optimal transport cost

The optimal transport plan is concentrated on the graph of the sub-differential of
a l.s.c. convex function

A

If P is absolutely continous wrt Lebesgue: 7 = (I X V@)#P , where @ is al.s.c.
convex function




Duality

Let P and ) be probability measures

OT(P, Q) = sup Jf(X)dP(x) + Jg(y)dQ(y),

fO)+gMNLlx=y1?

A solution of the dual problem will be a pair (f, g) of functions where

(@) = (Il - 172 = £l - 1772 = g)

are conjugate l.s.c. convex functions and

If P is absolutely continous wrt Lebesgue: 7 = (I X V@)#P




Finite sample approximation

1 « 1 <
Let P, = — Z ox and ), = " Z Oy be empirical measures

1
OT(P,Q,)=—min (C,7)p.: s.t. 7€ Q
n =

where (2 is the Birkhoff polytope of doubly stochastic matrices

n n
Qn: T E | nxn: Zﬂl,]zla Zﬂl,jzl’ﬂl,jz()
i=1 i=1

and C = (|| X; — Y]-Hz)i,j is the cost matrix




Finite sample approximation

OT is a linear program

The vertexes of the Birkhoff polytope are
the permutation matrices

The empirical OT plans are sparse




Regularized Optimal transport

The entropy regularized optimal transport Is

EOT(P.Q) = min | Lllv=ylPda(ey) + cHix| PX Q)
ﬂEH(PaQ) Rded I ——
Logarithmic entropy penalty

H(a|p) = { f log(j—;(x))da(x) if o< f

+ 00 otherwise




Regularized Optimal transport

We pass from a linear
program to an strictly

This problem can also be written in its dual formulation
concave one

fOXO) +g(Y) =31 x - 1|2
EOT (P,Q)= sup E (f(X) + g2(Y)—¢€e 2 ) + €,
f € L(P)

g € Li(Q)

with X ~ P, Y ~ Q, where the two variables are independent. The solutions satisfy

gp.0) — =l —ylI? fp.o@) — & llx =12
Jpo = —¢€log Je e dO(y) | gpo= —¢€log Je - dP(x)




Regularized Optimal transport

Efficient computation Sinkhorn algorithm

Exponential convergence in the fixed point iterations
(Franklin and Lorenz (1989) Carlier (2022),

Instability when € is small

The dual solutions are smooth

Some regularity properties of OT can be obtained
via covariance inequalities (Chewi, Pooladian (2022))

Reduction of statistical complexity (Donsker class)
Genevay et al. (2018), Mena and Weed (2019)

The regularized plan is a noisy approximation
of the OT plan

Similar behaviour to a Gaussian convolution of OT (Pal
(2019))

The regularized plan has full support

def sinkhorn(a, b, C, epsilon=0.1, max iters=1000):
## a,b=weighs of measures C=Cost matriﬁ
K=np.exp(-C/epsilon)
v=np.ones(b.shape[0])
for i in range(max iters):

u=a/K.dot (v)
v=b/K.T.dot(u)

# Alternate projections

return np.diag(u).dot(K).dot(np.diag(v))

OT matrix solved via EMD Sinkhorn algorithm with ep=10




Quadratically Regularized Optimal transport
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QOT.(P.0) = min [ = vl ) + 5 || =
\ L~(PXQ)

Quadratic entropy penalty
This talk we will see the some properties of QOT
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Quadratically Regularized Optimal transport

A. Dessein et al. (2018) considered optimal transport with convex regularization.

Essid and Solomon (2018) studied quadratic regularization for a minimum-cost flow problem on a
graph, including discrete optimal transport as a special case.

M. Blondel et al. (2019) in explored QOT in the discrete setting, with experiments highlighting the
sparsity and theoretical results including convergence for small regularization parameter. They
proposed an application to image processing.

Li et al. (2020) computes regularized Wasserstein barycenters using neural networks and finds that the
quadratic penalty produces sharper results than the logarithmic.

The first work rigorously addressing a continuous setting is Lorenz et al. (2021). The authors derive
duality results and present two algorithms, a nonlinear Gauss—-Seidel method and a semismooth

Newton method.

Zhang et al. (2023) uses quadratic regularization in a manifold learning task related to single cell RNA
seguencing and notes that sparsity is crucial to avoid biasing the affinity matrix.



Dual formulation

This problem can also be written in its dual formulation

QOT.(P,Q) = sup JG(X)dP(X) + Jb(y)dQ(y)

a,beL*(P)xL*(Q) ,

1
S (a(x) + D(y) — %Hx — sz> d(P X Q)(x,y)

2€ N

Primal-dual relation

(a.,b,) solves Dual @

1 1
— (ae(x) +b.(y) - EHx — sz> d(P X Q)(x, )

¢ +

solves Primal



Optimality Conditions

]
(ae(X)+b€(y) —El\x—yl\z) dO(y)=e¢ P-—a.e.x

_I_

]

|
=
|

]
(ae(X)+b€(y)—5llx—yH2) dP(x) =e¢ Q-—a.e.y

_|_

dO(y) =1 P—a.e.x

ae(x) + be(y) — 5 lx = yl2

e
e dP(x)=1 (Q—-—a.e.y

J' ac(x) + be(y) — 3 lx = ylI?
€




Empirical approximation

1 « 1 <
Let P, = — Z ox and ), = " Z Oy be empirical measures

1 € ,
QOT.(P,Q,)=—min (C, 7)., + 5”71'” . s.t. me,
n =

where Qn IS the Birkhoff polytope of doubly stochastic matrices

n n
Qn: T E | nxn: Zﬂlz]:1, Zﬂl,]=19ﬂl,]2()
i=1 i=1

and C = (|| X; — Ysz)i,j is the cost matrix




Sationary approximation

1 € ,
QOT_ (P, Q,) =—min (C, 7). + EHJZ'H . s.t. e,
n

QOT is a quadratically regularized linear program

C
The QOT plan is the projection of -
€

(Mangasarian, Meyer, 1979) As ¢ — 0 the convergence of the QOT plans towards
the OT plans is stationary:

There exists €, > () such that (QOT plan) &€ (OTplans) Ve <g¢,




Sationary convergence

7, = QOTplanate ¢ — Regularization parameter where the effect of

7t = OT plan regularization is meaningless
C = Cost matrix € N
() = Birkhoff polytope i .

¥ 2€
]Z->I<




Sationary convergence

Theorem (GS, Nutz, 2024)

nt.an*t —r;
(QOT plan) € (OT plans) <= e ' <(e¥) 1 :=2N- max < >,
r€Permutations\ OTplans <C o JT — 71'*)

where 7% is the OT plan with smallest norm

Example rates as sample size increases If the points are a uniform grid of [0,1]




Comparison with EOT

Theorem (Niles-Weed, 2021) The convergence of EOT plans is exponentially fast

Why the convergence of EOT is not stationary?

- Q0T
EOT approaches OT from inside of the polytope T
QOT approaches OT by changing to better faces
The relative interior of {2 are the couplings with
full support EOT
7[6

Changing from faces to surfaces of {2 is means
creating new zeroes



Sparsity

EOT approaches OT from inside of the polytope

-

EOT plans full support

(All the entries of the
matrix are strictly positive)

The relative interior of {2 are the couplings with
full support

QOT approaches OT by changing to better faces

Changing from faces to subfaces of {2, means » QOT plans sparse

creating new zeroes (Progressively new zeroes
are created)

Is the creation of zeroes monotone? That is, is the support of the QOT plan decreasing monotously?



Non Monotonicity

Is the creation of zeroes monotone? That is, is the support of the QOT plan decreasing monotously?

—

Each time the QOT plan enters in a face of the polytope it remains in that face

@ (GS, Nutz, Riveros Valdevenito, 2024)

The point of minimum norm of each face of the polytope belongs to the relative interior of that face

Theorem (GS, Nutz, Riveros Valdevenito, 2024)

The monotonicity of the support fails for n larger or equal than 5 and it is true otherwise. That is, for

n > 5, there exists a configuration of points (or respectively a cost matrix) such that a zero created
becomes positive for smaller regularization parameter




Non Monotonicity

Theorem (GS, Nutz, Riveros Valdevenito, 2024)

The monotonicity of the support fails for n larger or equal than 5 and it is true otherwise. That is, for

n > 5, there exists a configuration of points (or respectively a cost matrix) such that a zero created
becomes positive for smaller regularization parameter.

-1.11 -1 -1 -1 -1
-1 =11 0 0 0
Cost= | —1 0O -—-1.1 0O 0
—1 0 0O -—-1.1 O
—1 0 0 0 —1.1

0.05 0.05 0.05 0.05
005 015 0 0 O
005 0 015 0 0 7T =
005 0 0 015 0
005 0 0 0 0.15

s =

o OO O




Continous case

Does in the continuous case the size of the
support decreases?

How fast?

r




Qualitative resulit

Theorem (Nutz, 2024)

As ¢ — 0 the support of the QOT plan tends to the support of the OT plan (graph of OT map) in
Hausdorff distance.

The proof is a consequence of the following facts
 The QOT potentials are uniformly Lipschitz
* and they converge uniformly to the OT potentials

 The shape of the conditional support

1
Sy = {ae(x) +b.(y) — EIIX -ylI* > 0}




Explicit solutions

Let us solve it in a place where the solutions are explicit in order to gain some intuition

Consider the marginals and the cost

1
P = O = Uniform[0,1]¢ d7(x,y) = — inf |lx —y —z]|*

74

The QOT plan has density (for small regularization)

2

1 2
_ (Cd€d+2 — dT(x, y))

€

_I_

]
As € — 0, the diameter of the support of the density tends to zero with rate €d+2

As e — 0, QOT.(P, Q) — OT(P, Q) = O(e7+7)




Geometric properties of QOT

We rewrite things in a more proper way

1 1 1
o (ae(x) be(y) o EH'X o yH2> d(P X Q)(xa y) — ; (<X, y> _fe(x) o ge(y))_l_d(P X Q)(xs y)

¢ +

where  f.(x) = ZlIx[1* — a0, g =FIYI* - &)

Lemma (GS, Nutz, 2024)

Assume that P and Q are a.c. w.r.t. Lebesgue with bounded support. Then J_ is a convex function

with derivative J J00)
ydQ(y
VLX) = — S,={y: (xy) —f£x) —g.(y) > 0)
UCH




Geometric properties of QOT

For fixed x the function y — &(x,y) = (x,y) — f.(x) — g.(y) is concave and integrates €.

Therefore, if P = pl, dx and O = gl dx with p, g bounded away from zero and infinity, then
PLg, q1q, P-q

| & | max &(x,y) ® € where |8 =11y:E&x,y) >0}

yEL,
Then
* We need to understand the relation E(x, - )
between the maximun of the paraboloid .« E(x, V) ,
and its basis y €

* This involves controlling the second
derivative of the paraboloid * "




Bound on the second derivative

Step 1) Exact shape of the derivative

o (fo(%) = yu(2)) (f2(x) = yy(x))?
T (S, P )+ M) e s Faut e )

VX)), vy )] = &

Step 2) A Bound on the derivative
_‘C‘S)yM(x)‘ < [g:(rp(x) — x| < ‘CS), (x)‘ ‘CS), (x)| < 8y, (xX) — x| < ‘CS)/ (x)‘

—— ENEN
fl(x) ~ +

‘ CSD,m(x) ‘ | CS) 17(X) ‘




Bound on the second derivative

supp(z

\0,5}\ N \0,5}\
[ S5l 1S,m]

— . - - / . - - ) = - a b 2™
= - - = a < — = = s < P - O eg ’ —
9 53 wi \ <. 3 2.9 o g A —"Tx 3 - % \ : \ Z.v o g = o - Q- o0

fi) ~

We need to show that the blue segments decrease }
"4 with the same order as the red one ’

o =D = o =" MY L - ot e Bg- Lo _fbsBa 2. 57 DoL PO L RS o == DM o - 8 e Bg- Lg _fBsBa
7/ - - - S [ Amt == 27 - - - =




Bound on the second derivative

Call
c,(f.) = inf i) >0 o/, = sup fi(x) <+ 0.

x€Q,\ {x xM)} x€Q\ {x x M)

Step 3) A Bound the derivative w.r.t. the maximum of the parabola

C o)™ max (@)} < e < Clo, ()" max ().
YEla,0, YElay,0,
where  &(x,y) = (x,y) — f.(x) — g.()

anduse |& | max &(x,y) =~ €
ye[alabl]




Bound on the second derivative

Step 4) Use the estimates

C‘l( - ) 3\5\3(:( £ ) N L | S|
X and fg()(f) ~ , + ,
op( fe) G fe) ‘ Ke m(x)‘ ‘ CS)YM(X)‘

1

GM(gg) % 1 Gm(gg) ’
uJe) < C( o) ) wnd ol 2 ¢ (aMo;)) |

1

61,(f.) . WARIARY
outsd) = € ( On(8e) ) ne onls) =g (GM(&) )




Bound on the second derivative

GM(gg) and Gm(fg) > i Um(gg) |
On([e) C \ ou(fe)

< ( aMu;)) ad o (g)> L ( A )

Step 5) Use
op(fe) < C(

Gm(g e) C Om (g 8)
to get

oy(f.) < Cop(f)® and o,(g,) > C'6,(g,)®

Which yields the bound on the derivative




Bound on the second derivative

Theorem (GS, Nutz, 2024)

If dimension=1, if P = pl, ,,dx and Q = g1, ; ,dx with p, g bounded away from zero and infinity,

[ala

. then f.is €~ in (ay, by) except at two points,

. and there exists a constant C > 0 such that C~! < f.(x) < Cforall x € dom(J))

Corollary (GS, Nutz, 2024)

If dimension=1, if P = pl, , dx and Q = g1, ; ,dx with p, g bounded away from zero and infinity,

[ala

there exists a constant C > 0 such that

Cles <18, <L Ce%, for all x € [ay, by




Difficulties on general dimension

e The sections are convex sets

« We can always introduce an ellipsoid & of maximal
volume (John ellipsoid) inside each section.

* To imitate the arguments of the 1D case, we need to
ensure that the ellipsoid behaves like a ball. That is,
the eigenvalues of the matrix defining the ellipsoid
decrease to zero with the same order of convergence.




Sharp rates for the self-transport

Theorem (Wiesel, Xu, 2024)
If P = Q — plQde then

C~lez < diam(S,) < Ce, forall x € Q

If P =plg dx and Q = gl dx then

1

diam(&’,) < Ce4d+n?, for all x € €2,

* The rates are sharp for the self-transport case (where the symmetry facilitates things a lot)

 The general case is far from the conjectured rate of ¢ 1/d+2)




Behaviour of QOT cost

We want to find the rate of convergence of the difference between the QOT and OT costs

QOTG(Pa Q) T OT(P9 Q)

where

€ dan

2 || d(P %X Q)

. 1
QOT(P.0)= min | Lv=ylPdntey) +
EEH(PeQ) Rded

L2(PxQ)

. 1
OT(P.Q) = min | Ll ylPdtx.
EEH(PaQ) Rded




Behaviour of QOT cost

Theorem (Eckstein, Nutz, 2024)
If P = plg dx and Q = gl dx then

C~! < e#7(QOT.(P, Q) — OT(P,Q)) < C

 The proof is based on a quantization argument and an approximation
by shadows instead to the block approximation of Carlier et al. (2017)

* The result holds for more general regularizations of OT

e In EOT the rate is

C~' < elog(e " WEOT(P,Q) — OT(P,Q)) < C




First order development

We want to find the exact limit

lim €7+2(QOT.(P, Q) — OT(P, Q)) = ?

e—()

Strategy:
L 2
lim 1()nf c+2(QOT (P, Q) — OT(P,Q)) > L Lower bound (use dual QOT)
, 0
lim sup €7+2(QOT (P, Q) — OT(P,Q)) < L Upper bound (use primal QOT)

e—()




Lower bound

Strategy:
lim 1nf gﬁ(QOTG(P, 0)—OTP,0)) >L Lower bound (use dual QOT)

e—()

2

1
I'(a,b) = Ja(X)dP(X) + Jb(y)dQ(y) — (a(X) +b(y) - %Hx - sz) d(P X Q)(x,y)

2€ N

Since QOT.(P,Q)>1(a,b) ——> we need to find a correct candidate

€d+2 d+2

. for C,:= 2 il (s

C.(x) := 1 .
CT (p(0)gl Vf(x)] )7+ d(d +2)




Lower bound

Since QOT.(P,Q) >T'(a,b) —=> we need to find a correct candidate (., b,

€d+?2 d+2

a(x) =fx)+ C.lx), Cx):=— — for C,;:= 21§41 |
O CT2 (p)g[Tp_ o(x)]) 72 d(d + 2)

b.(y) = gy(»)

where ( fy, gy) solves Dual OT and T}_, , is the OT map from P to Q

d+4

~ 2 (f717¢d 2,7%7 1 2
[(@,.b,) = OT(P, Q) + err—— 27 [ (P@)GITp_ o)1) T dP(x) + o(e77)
g%

(%d—l(cyd—l))m




Upper bound

Strategy:

lim sup €7 -%2(QOT€(P, Q)—-OT(P,0)) <L Upper bound (use primal QOT)

e—()

We need to find 7. € 11(P, Q) such that the functional

2
€ A |

_ T o2 _
0 = | Hx=ylPdrtun+5 | -

RdxR4 2

L2(PXQ)

evaluated at 7z achieves the correct limit.




Upper bound

There are several strategies to find this candidate. For instance, in EOT:

* Block approximation (Carlier et al., 2017)
 (Gaussian approximation (or heat diffusion) (Pal, 2019)
 Shadows (Eckstein, Nutz, 2024)

For EOT Gaussian approximation is the correct approach because

 The Wasserstein gradient flow of the logarithmic entropy describes the flow of the heat
equation (Otto, 2001)

 The EOT potentials are created via iterative Gaussian convolutions




Upper bound

Porous media equation Fundamental solution (Barenblatt—Pattle)
ou(t,x) = Au(t,x)*, t>0,x € R? Ft 1 1 p 1 ||x||2

f,X) = C—p)p— ,
u(0,x) = up(x) x € R4, t#‘lz 4 =

_|_

For QOT a Barenblatt—Pattle type approximation is the correct approach because

 The Wasserstein gradient flow of the quadratic entropy describes the flow of the porous
media equation (Otto, 2001)

 The QOT potentials are created via an iterative modification of a Barenblatt—Pattle profile
to create a coupling



Upper bound

Send Q to P via OT map and Find a nice coupling in I1(2, P)

Candidate

v(t,x;x') = u (t,

v(t, x; x') = — :
E\ (p(XNg(Tp_ p(x")))7+>

y
Cd €d+2

2
> 11X = XD, g0

el = (= DT g6 = ),

_|_

p

~

/

TP—)Q(X,)

; TP—> Q(x/)

1
2

)

ou(t,x;x’) = 1 Axu(t,x;x’)z,

2(d+2)

1(0,x;x") = p(x')~77 - 5, (x)

<

This is not a
feasible coupling

>0, x € Q

x € R4




Upper bound

Send Q to P via OT map and Find a nice coupling in I1(2, P)

: A\
\ , Cd €d+2 1 - -
Candidate V(6 X;X) = — —[lx —x ”DTP_>Q(x’) ;]  This is not a

€ (p(x,)Q(TP_)Q(x,)))diz 2 feasible coupling

=l = (5= DT g6 = ),

/

To make v a feasible coupling:

 Normalize in order that it is a probability measure

 Send both marginals to P via the OT map

* Control the errors using Caffarelli’s interior regularity theory



Upper bound

Theorem (Garriz Molina, GS, Mordant, 2024)

Assume P = plQde and Q = qlgldx with density bounded away from zero and infinity and supports
with Lipschitz boundary. Then

d+4 2

» dav2(d + 2)a+2 R ,
QOT,(P, Q) = OT(P, Q) + €7+ LJ (PG Tp_ o)1) TTdP(x) + o(e77)
(%d—l(&d—l))dﬁ Q,




Conclusions

QOT represents a sparse alternative of EOT.
In the discrete case the convergence is stationary.
The contraction of the support is not monotone in general.

In one dimension and the self-transport cases the rates of convergence of the

support are ¢ /(4+2)
The rate of the cost is €%“*?) and the first order limit is obtained by an

approximation of the solutions via a modification of the fundamental solution of
the Porous Media equation.




Open questions

Sharp rates of convergence of the support in general dimension
First order developments of the cost for other penalisations of OT
Is there a variational formulation of QOT?

Does a PL inequality hold?

Statistical complexity of QOT (rates of convergence from the empirical to the
population QOT)




