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Optimal transport and Wasserstein distance

D(P Q) = j log (%)poo dx = oo

1
Tv(P,Q) =3 [IpG) — gl dx = 1

R WZ(P,Q) = |la—b||3 (Wasserstein distance)

- Common statistical distances insensitive to geometry of underlying space

« Monge problem: For P, Q probability distributions on R¢, search for transport map T,: R* - R¢
that solves

W5 (P,Q) = min UllT(x) — x| dP(x) : TyP = Q}, (Monge)

where TP is push-forward of P, distribution of Y = T(X), X ~ P.

- Focus on square Euclidean cost ||T(x) — x||5, but other cost functions also of interest



Applications

Distance between
probability measures

(W,)

Uncoupled function
estimation (T,)
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Bag-of-words models Multi-label prediction Wasserstein GAN
(Rolet, Cuturi, Peyré, 2016)  (Frogner et al., 2015) (Arjovsky, Chintala, Bottou, 2017)

Domain adaptation Color transfer
(Courty, Flamary, Tuia, 2017) (Rabin, Delon, Gousseau, 2010)

Trajectory inference in
SCRNA-Seq
(Schiebinger, Shu,
Tabaka, et al., 2019)
31729



Relax Monge problem to Kantorovich problem

Q - Reminder:

P4 PXQ min jIIT(x) — x||5 dP(x) (Monge)

. . T4P=0Q
Xv

« Constraint T4P = Q highly non-linear, asymmetric

v

Independent . pelaxation: Look for a transport plan y, that solves
. _ 2 .
0 y yer[r‘l(lpr,lQ) J ly — x||5 dy(x, y), (Kantorovich)
P : . :
T, where T'(P, Q) is the set of probability measures on R%*4 with
marginals P and Q,
3 [arcm=p, [are)=c

Deterministic



Brenier's theorem links Monge and Kantorovich problems

Ty € arg min r||T(x) — x|l5dP(x) (Monge) Q
TyP=Q J P

v

Yo € arg min r|| y —x||5 dy(x, y) (Kantorovich)

YET(P,Q) J

XV
Theorem (Brenier)

- If P absolutely continuous measure, then y, is unique and concentrated on
graph of function T, that solves (Monge).
Moreover, T, = Vf,, the gradient of a convex function f, : R - R U {+oo}.

- Conversely, given P and T, = Vf,(x) for f, convex, T, solves (Monge) for P and
Q = (To)4P.



Statistical optimal transport



Statistical optimal transport

Sample access: observe X4, ..., X,, ~ P, Yy, ..., Y, ~ Q l.I.d.

Empirical distributions

n m
13—125 1=='s
T . X’ Q_EZ Y;
i=1 =1

l

Can directly compute on empirical distributions

= w3(.0) = i [y~ MEerce
; 2(P,Q) Jnin ly — x5 dy(x, )

Fast algorithms available: linear programming,
entropic regularization

Is this a good idea?

« No out-of-sample prediction, but could do barycentric
projection and 1-nearest-neighbor

- Statistical guarantees?



Three related estimation problems

1. How well does P approximate P in W,:
wz(P,P) s ?
2. How well can I estimate W, (P, Q):
(W2 (P, Q) — W (P, Q)|
W, (P, Q) — W,(P, Q)

By triangle inequality, [W,(P,Q) — W, (P, Q)| < W,(P,P) + W,(Q, Q), so can get 2
from 1 for plug-in estimator

?

S
< 7

3. How well can | estimate T, or y,? For example,

j||7(x) ~To()|| dP(x) < ?



Downside of geometry: curse of dimensionality

Theorem (Dudley, 1969; Weed, Bach, 2017)

P ~ Unif([0,1]%), Xi, ..., X, ~ P i.i.d., then
WZ(P,P) 2 n=%/4 almost surely.

Proof.

- Sete = %an/d. By a volume argument, X; + €[—1,1]¢ does not cover more than

half of [0,1]¢. Denote that half by 4
- A needs to get transported to P, so each point travels at least e.
* Hence, for any coupling vy,
1 1 2

WZP,sz —x||5dy(x,y) = =€? = d




Dimensionality-dependent rates

For the rest of the talk, assume P, Q compactly supported, d = 5.
Theorem (Dudley, 1969; Fournier, Guillin, 2014; Weed, Bach, 2017)
If P absolutely continuous, then
E|WZ(P,P)] = nd.
- Also holds true when P supported on k-dimensional compact manifold (Weed, Bach, 2017):
E[W2(P, P)] = n'F.
- Two-sample case (Chizat et al., 2020; Manole, Niles-Weed, 2021):
E[|W2(P,Q) — WZ(P,Q)|] = n
 Corollary

1 _
w,(P, Q) "

- Lower bounds (under some assumptions, Niles-Weed, Rigollet, 2020):

E[|WS - w7 (P, Q)] = (n logn)_%

I 1
E[|[W,(P,Q) — W,(P,Q)|] s n"a A




Lower dimensional transport maps

What if distributions are full dimensional, but transport is not?

 Kolouri et al, 2019; Paty, Cuturi, 2019; Niles-Weed, Rigollet, 2019; Lin et al., 2021:
PW£(P,Q) = sup{WZ((Ig)4P, (g)4Q) : E k—dim subspace},

where Il denotes the projection onto subspace E
* Projection Robust Wasserstein distance/Wasserstein projection pursuit

« Could also average instead of taking supremum, 1D case then known as sliced Wasserstein
distance

« Recover lower-dimensional rates
. _2
E|PW2.(P,P)| snk

- Computationally challenging, but amenable to Riemannian optimization (Lin et al., 2020)



Non-parametric
smoothness regularization



Smooth densities

Empirical distribution P is poor approximation to P

ForM > 0,a > 1, assume
- P admits €1 smooth densities (also denoted by P)
- Densities upper and lower bounded, M1 < P(x) <M
« Some additional assumptions on support

Niles-Weed, Berthet, 2019: For wavelet density estimators P,
20

E[WZ(P,P)| s n"2a-2+d

Under additional assumptions, can obtain similar results for W2(P, Q) and [||T(x) — x||§ dP(x)
with T transport map from P to Q (Manole et al., 2021; Deb et al., 2021)

Shortcomings: to compute Wasserstein distance or transport map, still need to sample a lot!



Smooth transport maps

Theorem (H., Rigollet, 2021)

If
* T, = Vf, with M7 < V2f, < MI (f, strongly convex, i.e., f, — M1l .||5 convex)
* Ty Is C*-smooth on hypercube containing supp(P), a > 1,

Q = (To)4P

Then, there exists T such that

[Ef| T(x) — To(x)” dP(x) S n 2a262(+d log(n)?

« Minimax optimal up to logs for classes mimicking the above assumptions



Exponent 2a/(2a — 2 + d)

« Change of variables:

dQ _ 1
d_P (y) =

detdT(T-1(y))’

- KL between “signals” is governed by dT, while estimation target is T

y € T(supp(P))

- Compare white noise model: estimation rate n=2(8-K)/2B+4d) for estimation of kth
derivative of C# function

- Set f = a — 1, k = —1, estimation of anti-derivative of C*~! function



Caffarelli’s Regularity Theory:
from smooth densities to smooth transport maps

* PEC*1(Qp),Q €C*1(Qy) fora>1
* P,Q upper and lower bounded on Qp, Q,

* Qp, Q, convex with C%-boundary and uniformly convex

Then, T, € C%



Simple upper bounds: empirical risk minimization

» For a moment, think about regression problem with data {(X;,Y;)};=1.., and regression function T instead
- Risk function §(T) = E[|IT(X) — YI3]

« Empirical risk: $(T) = %Z?=1”T(Xi) —Y;|I3
T, = argmin S(T), T = arg min$(T)
T T

 Bound excess risk

E[|[700 -0 | = S(T) = 8(To) = S(T) = $(T) + $(7) = 8(To) + 8(To) — 5(Ty)

< S(T) = () + $(Ty) = S(T)
< 2sup|S(T) — S(T)|
T

« Control via empirical process theory, e.g. Dudley integral and covering numbers based on complexity of
function class T

« Stability/margin condition



Proof strategy

» Find suitable risk function to apply empirical process theory

« Rewrite objective: expanding squares yields

- 2
yerp(lpr,lo)f Iy = iz dy (. ) (:)yerp(%),(a)f 0.y} dy(x,7)



Dual and semi-dual

-

\_

N

Primal

Yo € arg max J (x,y) dy(x,y)

s.t. y € T(P, Q) JRN

Dual

(fo o) € arg min j () dP(x) + j 9 d()

st. f(x)+90) =(x,y), xyE€E IR%‘U

* Strong duality: for optimal y,, fo, 9o,

f (x,y) dyo(x,) = j (fo(0) + 9o () dyo(x,y) = j fo () dP(x) + f 90 40

« Semi-dual: Optimizing g for given f,

9r(y) = sup(z,y) — f(2) = f*(y), (convex conjugate)

zeR4

-

Semi-dual

min S(f) = j () dP(x) + j () ()

~

Non-linear, no constraints!

\

/

f £ (x) dP(x) + f G deG), To = o

J




Upper bounds: empirical risk minimization

* Replace E ~ %Z?:l ,

1

SU) = [ FEAPG) + [ 13 dQm) ~ S =2 T, F(X) + = 3y (1)

n

» With hypothesis space # = V; wavelet cutoff

fo =argminS(f), f=argminS(f), T=Vf
JeH fex

d(T, TO) S S(f) —S(fy) S sup |5(f) — S(f)| (generalization error)
feH

- To obtain upper bounds:
1. Bound generalization error

2. Relate excess risk to d(T,T,): stability/margin condition



Semi-dual stability

Proposition (H., Rigollet)
Assume f, f*, fo differentiable, / convex and V?f < MI (M-Lipschitz). Then,

f IVF GO — Vs NZ dP() < M (S(F) — S(fy)),
where  S(f) = f FOO) dP() + f £ dQ0).

- Dualization of argument by Ambrosio (Gigli, 2011)

« If f additionally M-strongly convex, change roles to obtain

j IVF GO = Vo IZdPG) = S(F) — S(fy)



More stability results

 Manole et al. 2021: Rates for smooth densities
If

* go M-strongly convex and Vg, M-Lipschitz
- Q any measure

- f Kantorovich potential for (P, Q)
Then,

] [v/ GO = VoI, aP ) s WE(P, Q) - WE(P, Q) - f 90 d(Q - Q)

 Used to show plug-in rates for transport map estimation

- Two-sample case less general, needs regularity of candidate potential



Numerical results: estimators

Ground truth
To(x) = x, identity map

Baseline estimator T,
To(x) = x, identity map

Wavelet estimator 7,4,
Discretize hyperbox around distribution, compute f* with Linear-
Time Legendre Transform, then interpolate. This is slow.

Heuristic kernel estimator T},
Solve OT between P, Q to get matching = : [N] - [N], compute
kernel ridge estimator with input data (X;, Y(;)),




Numerical results

Measure performance by

MSE,(T) = 2 3%, [|T(X) — o)

MSE for (id), d = 3 MSE for (id), d = 10

10

10" § = A :<o\.
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Smooth optimal transport maps

« Can mimic rates from classical non-parametric estimation for OT
- Smoothness can beat curse of dimensionality
- Stability estimates were useful

* Tricky: Get computationally efficient estimators



Entropic regularization provides smoothness, too

Entropic regularization well-known for
providing fast algorithms for OT

Genevay et al. 2019, Mena, Weed, 2019:

For compactly supported measures, can show

that optimal potentials f,, g. € H* with
Ifellga, lgellpe S 1+ e /(@D

Obtain plug-in rates:
A 1
E[W2(P, Q) ~ W2 (P, Q) s =(1+< ")
Approximation guarantees
(W (P, Q) — W (P,Q)| S elog(e™)

Chizat et al., 2020: Improved approximation
guarantees of order €2 I(P, Q)

Still geometrically bad estimation rates for W,

Primal
W2(p,Q) = min [ lly = xI dy(x.y) + eDuy I P ® Q)
st.y € T(P,0),
3 y(x,y)

Dual
(ferg0) € max [f@aP@) + [9)dQO) + ¢

g

_ _ 2

_EJeXp (f(x) +g(y)E |y xllz) dP(0) dO()

Optimality condition
_ _ 2
fo(x) = —elogfeXp (g(y) Ily x”2> dQ(y)



Entropic OT also provides statistically efficient transport maps

- (Pooladian, Niles-Weed, 09/27/2021)

Estimate transport map as barycentric projection of entropic plan, can write in terms of dual
potentials (f;, g¢):

€

[ exp <ge(y> —llx - yn%> 400

fyd?E(Xliy)
fd?E(Xuy) ’

[yexp <g6<y> ~llx - yn%> 400

Te(Xy) = can extend to: T, (x) =

€

Under assumptions (including%l SV MI),forl<a<3andd =2 [ﬂ,

a+1
]Ej”TE(x) — To(x)”z dP(x) S n 2a+2+2d’ log(n)

2a

Compare to information-theoretic limit n” za-2+d

Goes through the same approximation steps as before for estimation of W, so won't beat
geometrically bad dependence as d -



Computationally efficient estimator via RKHS

» Reproducing kernel Hilbert space
* Hilbert space H of functions on R4
* kernel k : R? x R% — R such that

PO = (.3, Froe for f € 3¢ max [ 1) dPCO) + [ 90 d0)

- e.g. Sobolev space H* if a > d /2 st. f)+g®) <llx—yll3 xyeR?
- Advantages ﬂ
* Interpolation problems finite dimensional
(representer theorem) n n
e _ 1 1
- statistical guarantees min f,EZ k(X)) + g,EZ k(Y;,.)
- . 1= ]J=
« Vacher et al, 2021: Under additional assumptions, H H
if P, Q have H*-densities with « > 3d, obtain S'f'f' gff' ) )
estimator W2(P,Q) in time 0(n?) with 1X: = 7i[l, — £(X:) — 9(F) =
oA A _1 Y. V. Y. V. o
E[|W2(P,Q) — W2(P,Q)|] < nZ log(n) (k(Xi, k(Y. ) Alk(Xe k(Y )]), 15 € [£] o
for positive operator A and additional sample X;, Y;
2a 6

- Compare to n 2e-2+d ~ n" 7 information-theoretic
rate



Procedures without guarantees



FactoredOT for clustered distributions

* Forrow, H., et al., 2019:
Gain statistical efficiency from sparse
Wasserstein barycenters

i = arg min{WZ (P, p) + WE(p,0) :
p supported on k points}

» Generalization bounds

JEk3logk
Jn

supE||W2(p, P) — Wi(p, P)|| s
p

| I |
w N = o L N w

- But no approximation guarantees




Nearest Brenier potential

- Paty, d’Aspremont, Cuturi, 2020:
Alternative way of ensuring strong convexity:

fesnp = arg min{IW.? (Vf#ﬁ, @) : f strongly convex and Vf Lipschitz}

- Leads to mixed quadratically constrained quadratic
program/Wasserstein problem



Input convex neural networks

« Recall semi-dual:
S0 = [ f@dP@ + [ £0) dow)

f ) = sup (x,y) — f(x)

=(VF,y) = F(VfF ()
> (y, Vg — F(Vg()) Vg

« Makkuva et al., 2020: Replace f, g by input-convex neural
networks, ICNN:

min max Jf(x) dP(x) + f[(y, Vg(y)) — f(V8(Y))] dQ ()

fEICNN gEICNN

mput convex neural network:
Ziy1 = oy(Wyzg + Ayx + by),
W, =0, forl=0,..,L—1

~




Conclusion

« OT can be very useful, but also very noisy
- Compromise: projection robust Wasserstein distance, entropic OT

- Regularize: recent progress in regularized estimators with statistical
and computational guarantees
* Improve:

- Computationally efficient estimator matching information-
theoretic rates

- Rates for plug-in transport map estimators with smoothing

Thanks!
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Appendix



/ convex conjugate: f*(y) = sup,.gpa(y,z) — f(2)

Proof of semi-dual stability o) =2 - f(x) ©y = Vf(x)

—

[

- ui

£ PG + [ £ dow)

.

f convex, Vf L—Lipschitz: f*(y) = f*(x) + (Vf*(x),y — x)
1
+==ly = 2113
_ vf© = (V)

[f () + £ (Vfo(x)]dP(x), (Q = (Te)4P = (Vfy)4P)

1
f)+ f(Vf() +(Vf (Vf(x)) Vfo(x) — Vf(x))+illvfo(x)—Vf(x)II%dP(x)
=GV (®)) — f(x) T

1
(5, Vo () + 57 19/ () = VF (O dP(x)]

o) PG + [ £50) dQO) + 57 f 19£0 G0 — VFGOIIZ dP ()



