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Background - dynamical systems and control

Decision-making in environments
that change and are uncertain
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Control systems evolution

from single systems in predictable environments

networks dynamic interactions unknown terrains
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Research thread

» Develop fundamental understanding of decision-making under
uncertainty

» Design algorithms with provable safety and performance
guarantees
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Multi-agent systems
Interacting agents with coupled objectives and constraints
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Multi-agent systems: learning, optimization and control

How do players learn to optimize
given only local information?
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The rest of the talk

with Tatiana Tatarenko, TU Darmstadt, Germany

» T. Tatarenko, M. Kamgarpour, Bandit Online Learning of Nash
Equilibria in Monotone Games, 2020

» T. Tatarenko, M. Kamgarpour, |Learning Generalized Nash Equilibria
in a Class of Convex Games, |IEEE Transactions on Automatic
Control, 2019

> T. Tatarenko, M. Kamgarpour, [Minimizing Regret of Bandit Online
Optimization in Unconstrained Action Spaces, 2018
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|Learning in convex games - setup & algorithm|
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Players objectives and constraints

Game I'(N, { A%}, {J?}) with N agents/players
» action a’ € A" C R?
» joint actiona € A = Al x ... x AN C RN
» cost J': RN? R, Ji(al,a™)
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Players objectives and constraints

Game I'(N, { A%}, {J?}) with N agents/players
» action a’ € A* C R?
» joint actiona € A = Al x ... x AN C RN
» cost J': RN? R, Ji(al,a™)

Convex game
» A’ convex and compact

» Ji(a’,a™"): continuously differentiable in a, convex in a’
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Examples of convex games

» Mixed strategy extensions of finite action games
» A% probability simplex, J*(a’,a~%) linear in a’
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Examples of convex games

» Mixed strategy extensions of finite action games
» A% probability simplex, J*(a’,a~%) linear in a’

» Traffic networks, communication networks, power networks

B total demand (MW)

Il
Jeh = A, feh foh+ A Consumer

price
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Characterizing Nash equilibria

» a* € Ais a Nash equilibrium (NE): for eachi=1,..., N

Ji(a*i,a*fi) < Ji(ai,a*ii), Vai c Ai
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Characterizing Nash equilibria

» a* € Ais a Nash equilibrium (NE): for each i =1,...

Ji(a*i,a*fi) < Ji(ai,a*ii), Vai c Ai

» NE exists in convex games

Variational inequality (VI) characterization of NE
» game mapping M : RV4 — RNVd
M(a) = Vg /' (@', e,

» a*isaNE < M(a")'(a—a*)>0,Vac A

VI problem given M and A

[Facchinei, Pang, 2007]
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Games versus optimization problems

Variational Inequality problem VI(M, A)
Given M :RNd s RNd A - RNd find a* € A

M(a*)'(a—a*)>0,Yac A

» if M =V f for some f: A — R, then VI is the first-order
optimality condition for mingeca f(a)
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Games versus optimization problems

Variational Inequality problem VI(M, A)
Given M :RNd s RNd A - RNd find a* € A

M(a*)'(a—a*)>0,Yac A

» if M =V f for some f: A — R, then VI is the first-order
optimality condition for mingeca f(a)

» in a game M(a) = [V J'(a’,a %)Y, is a pseudo-gradient
» is gradient if the Jacobian JM(a) is symmetric
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Example - matching pennies

» zero-sum game of matching pennies
» row-player, column-player
head tail
head (1,—1) (—1,1)
tail | (=1,1) (1,-1)
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Example - matching pennies

» zero-sum game of matching pennies
» row-player, column-player
head tail

head (1,—1) (—1,1)
tail [(—1,1) (1,—1)]

» mixed strategies: a’ probability of player i choosing head

Ji(a',a?) = [a' 1-al] [—11 _ﬂ L (_12‘12]

> game mapping is not a gradient
0 4] [a! —2
1,2y
et = [ o] o] + 7]
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Seeking equilibria with limited information

Each player observes only her cost for a played action
> zero-order information: J} = J'(al,a; ")
> black-box access to the function

How should she play to ensure convergence to a Nash equilibrium?
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Zero-order information in games

Use function evaluations J; = Ji(ai,at_i) to estimate gradient?
» query J' at ai,, = a + & and use finite difference
» feedback: J;,; = Ji(al,;,a;/,), can't control a;

How should she play to ensure convergence to a Nash equilibrium?
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Zero-order information in games

Use function evaluations .J; = J(al, a; ") to estimate gradient?
» query J' at ai,, = a + & and use finite difference
» feedback: J;,; = Ji(al,;,a;/,), can't control a;

How should she play to ensure convergence to a Nash equilibrium?
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Randomization helps in learning

» each player samples her action from a distribution
a% ~ p(“%v Jt)
» mean p': updated greedily based on player's observed cost

» variance ¢': encourages exploring non-greedy strategies
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Randomization helps in learning

» each player samples her action from a distribution
a’% ~ p(l’l’%v Jt)
» mean p': updated greedily based on player's observed cost

» variance ¢': encourages exploring non-greedy strategies

decision making when faced with unknown cost functions:
exploitation and exploration
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Learning-based algorithm iterates

» actions a’ and states ' of each player are updated as

play: ai ~ N(u!, 1), receive: Jti = J'(al,a;")

; . — 1
Pir1 = Proji [ /BtJt P t]
t
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Learning-based algorithm iterates

» actions a’ and states u’ of each player are updated as

play: ai ~ N(u!,0?1), receive: J; = J'(al,a;")
,ut
—7

Biy1 = Projy [Ht /BtJt
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Learning-based algorithm iterates

» actions a’ and states u’ of each player are updated as

ay ~ N(pi, o7 1)

, . -
“71:/4_1 = PrOJAz [ /Bt Jt O_ t ]
h,t_/

Mi(atvy'i)
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Learning-based algorithm iterates

» actions a’ and states u’ of each player are updated as
. -
a; ~ N(pt, 07 1)

: . -
IJ’Z:/—{-I = PrOJAz [ /Bt Jt O_ t ]
h,t_/

Mi(atvy'i)

» samples of gradient with respect to cost in mixed strategies
0T (me)
ou’
— [ @) p ()
RNd

Eq {M'(ay, 1)} =
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Randomization for gradient estimation
Let f: R™ — R, p(y) a probability density function

folp) = . f(p+oy)p(y)dy

» bandit learning and regret minimization [Flaxman et al. 2006], [Bravo et al.

2019

» stochastic and zero-order optimization [Nesterov 2010], [Ghadimi, Lan 2014]
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Randomization for gradient estimation
Let f: R™ — R, p(y) a probability density function

folp) = . f(p+oy)p(y)dy

» bandit learning and regret minimization [Flaxman et al. 2006], [Bravo et al.

2019]
» stochastic and zero-order optimization [Nesterov 2010], [Ghadimi, Lan 2014]
> non-smooth optimization [puchi et al. 2012]

» non-convex graduated optimization [Mobhai 2012], [Levy, Hazan 2015]

left: smoothing absolute value, right: graduated optimization
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Interpretation as a stochastic optimization procedure

Player i: pj,, = Proj . [p} — ﬁtJfLﬁ]

Tt

Stacking players' iterates, the algorithm is
i = Projalps — B (M (pe) + Qe 0¢) + R, ag, 0v))]

» M game mapping, stacked gradients of players’ cost functions
» ( difference in the gradient of the smoothed and original cost

» R stochastic noise term, Eq, R(py, at,04) =0
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Convergence of the algorithm
Assumptions

> strictly monotone: (M (a) — M(a’))T(a —a')>0Va,a’ € A
» Lipschitz: ||(M(a) — M(a')|| < L|ja — @’|| Va,a' € A
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Convergence of the algorithm

Assumptions
> strictly monotone: (M (a) — M(a’))T(a —a')>0Va,a’ € A
» Lipschitz: ||(M(a) — M(a')|| < L|ja — @’|| Va,a' € A

Theorem [TT, MK TAC 2019]
Choose (¢, 0+ — 0 such that

00 o 0 52
t
= 00 o < 00 — < 00
BTN SLUETSD 9p
t=0 t=0 t=0
Then,

> state u; converges almost surely to a Nash equilibrium p*

> action a; converges in probability to p*
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Proof sketch

Approach: show ||p; — p*||? sufficiently decreases at each iteration

i1 = Projafpe — Bie(M(pe) + Q(pr, 01) + R(pay, ar, 01))]

Elpers — w11y <l =p 1P+ & =B M) (e — 1)

2 >0
O(Bro+24) =
Tt

[Robbins and Siegmund, 1985]

> ||pe — p*||* converges as t — oo
> 000 BeM (pe) T (e — p*) < o0
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Proof sketch

Approach: show ||p; — p*||? sufficiently decreases at each iteration

i1 = Projafpe — Bi(M(pe) + Q(pr, 01) + R(py, ar, 01)))]

E{lper — w11} <lpe—p 1P+ & =B M) (e — 1)

2 >0
O(ﬂtfft-i-%) -
i

[Robbins and Siegmund, 1985]

> ||pe — p*||* converges as t — oo }
* wut — ,LL*
> 220 BeM ()" (e — p*) < o0
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Summary

Convex game, zero-order information: J; = Ji(a}, a; ")
» player i: one-point estimation of her gradient

> a; = (atl, e aiv) convergence to a* € A

Ji(a*i,a*_i) < Ji(ai,a*_i), Vai c Az

i
a;

Algorithm
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Outline

|Learning in games - connections & extensions|

[Conclusiond
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Learning in games as a bandit optimization problem

Algorithm
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Learning in games as a bandit optimization problem

Algorithm

Regret: R(T) =321 Ji(a}) = Lo Ji(a')
» a! played action, Ji(al) = J'(at,a;")

» a' best action in hindsight: ming:c 4: ZtT:O Ji(@)
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Learning in games as a bandit optimization problem

Algorithm

Regret: R(T) =321 Ji(a}) = Lo Ji(a')

> a; played action, J{(a}) = J'(a},a;")

» a' best action in hindsight: ming:c 4: ZtT:O Ji(@)
No-regret algorithm: R(T') = o(T") as T' — oo

[Flaxman et al. 2005], [Shamir 2013], [Bubeck 2016], ...
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No-regret learning and convex games

Finite action games: each player adopts a no-regret algorithm

1 T i g -
> 5> 4o @; — coarse-correlated equilibrium
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No-regret learning and convex games

Finite action games: each player adopts a no-regret algorithm

1 T i g -
> 5> 4o @; — coarse-correlated equilibrium

Convex games: our algorithm is no-regret [rT, mx 2018

i = Proj [ — BT S
t

» a’ — a*, a*: Nash equilibrium

28/47



No-regret learning and convex games

Finite action games: each player adopts a no-regret algorithm

1 T i g -
> 5> 4o @; — coarse-correlated equilibrium

Convex games: our algorithm is no-regret [rT, mx 2018

' . 3 — 1
Biq = Proj g [pf — ﬁt‘]gT]
t
> aiT — a*, a*: Nash equilibrium

> under strict monotonicity of the game map
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Convex games versus optimization: zero-sum games

head tail
head (1,—-1) (—-1,1)
il | (=1,1) (1,-1)

» Game mapping is not strictly monotone:
(M(a) — M(a’))T(a —ad')=0,Va,d
» Our algorithm does not converge

101 — Player 1 mean, A
—— Player 1 mean, B
—— Player 2 mean, A
0.8 — Player 2 mean, B

0.6

0.4

0.2

0.0

0 2000 4000 6000 8000 10000

matching pennies - [N. Kwan, USRA 2020]
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Implications of non-strictly monotone game mapping

» All follow-the-regularized-leader algorithms (no-regret) diverge
[Mertikopoulos et. al. 2018], [Bailey, 2020]

» Hamiltonian system interpretations [salduzi et al. 2018]
JM(a) = P(a) + H(a)
~—~—

symmetric  assymetric

Mass on a Spring

Matching Pennies Gradient Descent

Wm@ (1o (2 1) (7

-1 o1 )1-n )
Position q(¢) of Mass
Time ¢ o

k (VAVAVAVAVAVE T
Momentum p(t) of Mass

Agent 2 Strategy zo(t)

Agent 1 Strategy 1(t)

Time ¢ ] Wﬁﬁ\&f\z‘ “Fime ¢
q(t) vs p(t) z1(t) vs za(t)

i}

--I;

Constant Distance to Nash Equilibrium z*
*\2 )2
B = Yhe(t) + 2p°(0) D=4 ai(t) —2})’ + & (aa(t) — 23)°

Conservation of Energy

Figure - [Bailey & Piliouras 2019]
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Zero-sum games beyond matching pennies

min, maxy f(z,d): robust optimization, robust control, training
generative adversarial networks

» algorithms for monotone VIs [ Tseng 1995], [Facchinei, Pang 2007]

> extra gradient, optimistic mirror descent [Mokhtari et al. 2019]
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Zero-sum games beyond matching pennies

min, maxy f(z,d): robust optimization, robust control, training
generative adversarial networks

» algorithms for monotone VIs [ Tseng 1995], [Facchinei, Pang 2007]

> extra gradient, optimistic mirror descent [Mokhtari et al. 2019]

» Limitation in our setup: J} = J(ai, a; ")
» no (extra) gradients
» no implicit algorithms
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Bandit learning in non-strictly monotone games

Monotone game map: (M (a) — M(a’))T(a —a)>0Va,ad € A

> single time-scale regularization

z Q

— + gt“;ﬁ)

i1 = Projyi (1 BtJt
Ut

> regularized cost: J'(a) + ¢ |la’|?
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Convergence result

Assumptions
» M :RN4 5 RN is montone and Liptschitz
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Convergence result
Assumptions
» M :RN4 5 RN is montone and Liptschitz

Theorem [TT, MK 2019]
Choose (¢, ¢, €, — 0 such that

00 00 2
Z/Bt: Zﬁt0t< Zﬂ%
t=0 = —o 7t
St e S

t

t=0

Then,
> state u; converges almost surely to a Nash equilibrium po*

» action a; converges in probability to p*
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Proof sketch

Define y, as solution of VI(M (a) + €:a, A)
» converges to a solution of VI(M (a), A) [Facchinei, Pang 2007]

Show ||p: — y¢||? sufficiently decreases at each iteration

E{||pe41 — yt+1||2} < (1 —efBr)|| e — ?Jt”2 +&

_ 2 2 2
> g~y |3 = O(=520) = & = O(Bion + 3% + *5.50)

> ||t — yi|| goes to zero almost surely
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Learning in matching pennies
1

Choose ; = tip,at = g, €t = tll P, q,l > 0 such that

) 9 ) ,82
;/Bt:oov Zﬁt0t<ooa Z;ig < o0,

Sl 3 =
t

t=0

10 —— Player 1 mean, A
—— Player 1 mean, 8
—— Player 2 mean, A

08 —— Player 2 mean, B

06

== ————

04

02

0.0

0 2000 4000 6000 8000 10000

matching pennies - [N. Kwan, USRA 2020]
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Extension - games with coupling constraints

» sharing limited capacity resources
» transmission lines, roads, bandwidth

» convex coupling constraint g : RN — R™
C:={acRY|gla) <0}

» jointly convex game I'(N, AN C, {J%})
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Challenges due to coupled action spaces

Generalized Nash equilibria (GNE) for I'(N, AN C,{J'})

For each player ¢

J(a*,a*"") < J(a',a*™"), Va' € {a' € A"|g(a’,a*") <0}

> uniqueness and computation [Rosen 1965, [Facchinei, Pang, Kanzow 2009-2010]

Variational equilibria € GNE
If a* € AN C satisfies M (a*)"(a —a*) >0, Yac ANC
Then a* is a GNE [Facchinei and Pang, 2009]
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Decoupling the constraints for distributed computation

Associate a player to the coupling constraint g : RV¢ — R™

> a new game with an additional fictitious player, A € RZj

[(N +1, {{Ai}izl,...7N7 R%0}, {jz})

» cost functions in extended game I'

J(a'a "t X) = J(a',a”) + ATg(al,a™?), i=1,...,N
Inti(a,A) = —ATg(a)

[a*, X\*] Nash equilibrium in T' = a* variational equilibrium in T’
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Non-monotonicity of the game mapping

Example: quadratic cost and affine coupling constraint
» Ji(a) = %aTHia, i=1,...,N
» gla)=Fa+ f, F:RVd 5 R™
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Non-monotonicity of the game mapping

Example: quadratic cost and affine coupling constraint
» Ji(a) = %aTHia, i=1,...,N
» gla)=Fa+ f, F:RVd 5 R™

sion-[ ][4
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Zero-order learning in games with coupling constraints

Zero-order information: j; = Ji(at) + Aeglay)
a’i ~ N(Ni» 0152[)

. ) —

s = Proiy |ui — 5T M

t
A1 = PfOJRgOP\t + figlay)]

Theorem

» Assume M (a) is symmetric and strictly monotone

» Choose (3¢, 0 as in the strictly monotone case

e converges almost surely to the variational equilibrium.
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Example - Cournot game in electricity markets
Consumers minimizing their electricity bills
» consumption profile over d periods a’ = [ai,...,a}]" € R?

» local consumption bounds
d
0<aj<af, k=1,....d > a,=a
k=1

> network capacity constraint Zf\il a}; <ap, k=1,...,d
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Convex game formulation

> electricity price p(a)
» player i's cost function

Ji(a',a™") = P(a’) + p(a)a’

» P! convex quadratic, p linear
» convex game with strictly convex potential function
> learning optimal consumption profile using payoff information

(CHF)
\

production S
yd

price

total demand (MW)

producer

price
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Simulation result
Relative error H”ﬁ *”*”
» fast initial decrease, very slow convergence

lower bounds on convergence rates?

Colors blue, green, red corresponding to NV = 3,10, 30
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Outline

Conclusions
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Summary
Learning in convex games
> Nash equilibria solve a variational inequality problem
> learn Nash equilibria using zero-order information
Proposed algorithm
» bandit feedback: no knowledge of the cost functions
» convergence to Nash equilibrium under monotonicity
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Outlook

Connections of no-regret learning and convex games

v

v

Exploring lower bounds for convergence rate

v

Learning in non-convex games

v

Learning in dynamic and feedback games

‘Smart Grid‘
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Thank you for your time and attention!

Learning players’ cost functions via Gaussian processes

1. P. G. Sessa, |. Bogunovic, A. Krause and M. Kamgarpour, |Contextual Games: Multi-Agent Learning with
Side Information, NeurlPS 2020

2. P. G. Sessa, |. Bogunovic, M. Kamgarpour and A. Krause, No-Regret Learning in Unknown Games with
Correlated Payoffs, NeurlPS 2019

3. P. G. Sessa, |. Bogunovic, M. Kamgarpour and A. Krause, Mixed Strategies for Robust Optimization of
Unknown Objectives, AISTATS 2020

Efficiency of Nash equilibria, mechanism design, applications

1. O. Karaca and M. Kamgarpour, Designing Coalition-Proof Reverse Auctions over Continuous Goods, |IEEE
Transactions on Automatic Control, 2019

2. P. G. Sessa, M. Kamgarpour, A. Krause, Bounding Inefficiency of Equilibria in Continuous actions games
using submodularity and curvature, AISTATS 2019

3. 0. Karaca*, P. G. Sessa*, A. Leidi and M. Kamgarpour, No-regret Learning from Partially Observed Data
in Repeated Auctions, IFAC 2019, *: equal contribution

4. B. Shea, M. Schmidt and M. Kamgarpour, A Multiagent Model of Efficient and Sustainable Financial
Markets, NeurlPS 2020 Workshop
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http://proceedings.mlr.press/v89/sessa19a.html
https://arxiv.org/abs/1912.09905
https://arxiv.org/abs/1912.09905

Convergence of random variables

Robbins and Siegmund on non-negative random variables

Theorem

(Q, F, P): probability space, F} C F» C ... sub-c-algebras of F,
zt, b, &, and (¢ be non-negative Fy-measurable random variables
with

E(ze41]Fy) < ze(1+by) + & — G

» almost surely limy_, o, 2; exists and is finite
> > o1 G < oo almost surely on {d 2, by < 00, Y oy & < 00}
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